Ki Hang Kim
Fred W. Roush

Alabama State University

I. Sets and Relations
Il. Semigroups
lll. Groups
IV. Vector Spaces
V. Rings
VI. Fields
VII. Other Algebraic Structures

GLOSSARY

Binary relation Set of ordered pairs (a, b), where a, b
belong to given sets A, B; as the set of ordered pairs of
real numbers (X, Y) such that X > y.

Equivalence relation Binary relation on a set S often
written X~y if (X, ¥) is in the relation such that (1)
X~X; (2) if X~y then y~X; and (3) if X~y and
y~zthen X~2zforall X,y,zin S

Field Structure having operations of commutative, as-
sociative distributive addition and multiplication with
additive and multiplicative identities and inverses of
nonzero elements, as the real or rational numbers.

Function Binary relation from a set A to a set B that to
every ain A associates a unique b in B such that (a, b)
is in the (binary) relation, as a polynomial associates
its value to a given X.

Group Structure having one associative operation with
identity and inverses.

Homomor phism Function f from one structure Sto an-
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other structure T such that, for every operation * and
allx,yin S, f(x xy)= f(x) x f(y).

Ideal Subset S of a ring containing the sum and differ-
ence of any two elements of <, and the product of any
element of & with any element of the ring.

Identity Element e such that, for all X for a given opera-
tion *, €x X =X *x €=X.

Incline Structure having two associative and commuta-
tive operations + and X, satisfying the distributive law
and (1) X+Xx=Xand (2) X+ (X X Y) =X.

Isomor phism Homomorphism f from a set S to a set
T such that the inverse mapping g from T to S
where g(y)=x if and only if f(X)=y is also a
homomorphism.

Partial order Binary relation R on a set S such that for
all x,y,zin S(1) (X, X) is in R; (2) if (X, ¥) and (y, X)
are both in R, then Xx=1y; and (3) if (X, y) and (Y, 2)
are in R, so is (X, 2).

Quadratic form A function defined on a ring R by
2aijXiXj.
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Quotient group For anormal subgroup N of agroup G,
the group formed by equivalence classes X under the
relation that x ~y if xy~1 in N, with multiplication
given by Xy =Xy.

Ring Structure having one associative and commutative
operation with identity and inverses, and a second op-
eration associative and distributive with the first.

Semigroup Structure having an associative operation.

Simple Structure S such that, for every homomorphism
f to another structure, either f(x) = f(y) for al x, y
inSor f(x)#£ f(y)foral x#yinS.

Subgroup Subset Sof agroup G containing the product
and inverse of any of its elements. It is called normal
if, for every gin G, sin S, the element gsg~t isin S.

ABSTRACT ALGEBRA is the study of laws of opera-
tionsand relations such asthose valid for thereal numbers
and similar laws for new systems. It studies the class of
all possible systems having given laws, for exampl e, asso-
Ciativity. Thereisno standard object that it studies such as
thereal numbersin analysis. Two systems are isomorphic
in abstract algebraif there is a one-to-one (1-1 for short)
correspondence between their el ements such that rel ations
and operations agree in the two systems.

I. SETS AND RELATIONS

A. Sets

A set is any precisely defined collection of objects. The
objects in a set are called elements (or members) of the
set. Theset A= {1, 2, X, y} haselements1, 2, x, y andwe
writele A,2€ A, xe A andy € A. Thereisno set of all
sets, but given any set we can obtain other sets by oper-
ations listed below, and for any set A and property P(x)
we haveaset {x € A: P(x)} of al elements of A having
the property. Things such as “all sets” are called classes
rather than sets. Thereisaset of all real numbers and one
of all isosceles triangles in three-dimensional space.

We say that Aisasubset of B if all elements of A are
in B. Thisiswritten AC B,or B> A. Thesetiscaled a
proper subset if A+ B; otherwiseit is called animproper
subset. For finite sets, a subset is proper if and only if it
has strictly fewer elements. The empty set ¢ isthe set with
no elements.

If ACBand B CA, then A=B. Theunion U; A of a
family § of setsisthe set whose elements are all things
that belong to at least one set A € §. Theintersection Ny A
isthe set of all elementslying in every set Ain .

The power set P(A) is the set of all subsets of A. The
relative complement B\ A (or B — A) isthe set of all ele-
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mentsin B but notin A. For fixed set B D A, thisiscalled
the complement of Ain B.

The Cartesian product A; x Az x --- x A, of n sets
A1, Ay, ..., Ay isthe set of al n-tuples (a1, a, ..., an)
suchthat g € A foralli =1, 2,...,n. Infinite Cartesian
products can be similarly defined with i ranging over any
index set I.

B. Binary Relations

The truth or falsity of any mathematical statement about
arelationship x Ry, for instance, x2 4 y? = 1, can be de-
termined from the set of ordered pairs (X, y) such that
X Ry. In fact, R is equivaent to the relationship that
X, y)e{(x,y) e Ax B : xRy}, where A and B are sets
containing X and y.

The set of ordered pairsthen representsthe relationship
andiscalled abinary relation. In general, abinary relation
from Ato B isasubset of A x B, that is, aset of ordered
pairs.

The union, intersection, and complement of binary re-
lations from A to B are defined on them as subsets of
A x B. Another operation is composition. If Risabinary
relation from A to B and Sisabinary relation from B to
C,then Ro Sis{(x,2) e AxC:(x,y)e Rand (y,2) e S
for some y € B}. Composition is distributive over union.
For R,Ry, S, S, T,fromAtoB, AtoB,BtoC, Bto
C,Cto D,wehave (RURy) e S=(ReSU(Ry 0 S) and
R0 (SUS)=(Rec S U(Re S). Itisassociative; we have
(X, w) e (ReS)o Tifandonlyif forsomey e Bandze C,
X, ¥)e R, (y,2) €S, and (z, w) € T. The same condition
isobtained for Ro (S T).

The identity relation 1, is {(a,a):a€ A}. This rela-
tion acts as an identity on either side for Rc A x B,
ScBxC;thatis, Relg=R,and 15> S=S.

Thetranspose R' of abinary relation R from Ato B is
{(b,a) e B x A:(a,b) e R}.Itisaso called converseand
inverse.

C. Functions

A partial function from aset Atoaset Bisarelation f
from Ato B suchthatif (X, y) € f,(x,2) € f theny=2z.If
(x,y) e f, wewrite y= f(x) since this condition means
y isunique. A partia function is afunction defined on a
subset of aset considered. Itsdomainis{ac A: (a,b) e f
for someb € B}.

A function is a partial function such that for al x € A
thereexists y € B with (x, y) € f.

A function is 1-1 if and only if whenever (x,2) e f,
(v, 2) € f wehave x =y. Thisisthe transpose of the def-
inition of a partial function. Functions and partial func-
tions are thought of in several ways. A function may be
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considered the output of a processin which x isan input,
as x? + x + 1 adds a number to its square and 1. We may
consider it asassigning an element of B to any element of
A. Or we may consider it to be amap of A into the set B
inwhichthe point x € Aisrepresented by f(x) € B. Then
f (x) iscalled theimage of x. Also for asubset C C Athe
image f (C)is{f(x) : x € C} theset of imagesof pointsof
C. Wemay also consider it to beatransformation. Strictly,
however, the term transformation is sometimes reserved
for functions from a set to itself.

A 1-1 function sends distinct values of A to distinct
points. For a 1-1 function on a finite set C, f(C) will
have exactly as many elementsasC.

Thecomposition of functions f : A— Bandg: B—C
isgiven by g(f(x)). Itiswritten g f.Compositionisas-
sociativesinceitisaspecial case of composition of binary
relations except that the order isreversed. Theidentity re-
lation on aset isaso called the identity function. A com-
position of partial (1-1) functionsis respectively apartial
(2-1) function.

ool
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A function f: A— B isontoif f(A)=B, that is, if
every y € B is the image of some x. A composition of
onto functionsisonto. A 1-1 onto functioniscalled al-1
correspondence. For a 1-1 onto function f, the inverse
(converse) of f isdefined by f~1={(y,x) : (x,y)e f}
or x=f~1(y) if and only if y= f(x). It is character-
ized by fof-t=1g, f~1of=14. Moreover, for any
binary relations R, Sif Re S=1g, Sc R= 1, both Rand
S must be 1-1 correspondences and S must be R". A
1-1 correspondence from a finite set to itself is called a
permutation.

D. Order Relations

That abinary relation R fromaset Atoitself is(OR-1) re-
flexive means (x, x) € Rfor al x € A; (OR-2) symmetric
meansif (X, y) € R, then (y, x) € R; and (OR-3) transitive
means if (x,y)e R and (y, 2) € R, then (X, z2) € R. Fre-
guently x Ry iswritten for (x, y) € R, so that transitivity
meansif X Ry andy Rz, thenx Rz Forinstance, if x >y
and y >z, then X >z. So x > y istrangitive, but X #y is
not transitive.

The following relations are reflexive, symmetric, and
transitive on the set of geometric figures: x=y (same
point set), x >~y (congruence), x ~ Yy (similarity), x has
thesame area as y. A reflexive, symmetric, transitive re-
lation is called an equivalence relation. For any function
f from Ato B therelation {(x, y) € Ax A: f(x)= f(y)}
is an equivalence relation.
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The set x={ye A:x Ry} is caled the equivalence
class of x (the set of all elements equivalent to the same
eement x). The set of equivalence classes x is called
the quotient set A/R. The function f(x)=xX is called
the quotient map A— A/R. The relation {(X, y) € A x
A: f(x)= f(y)}isprecisely R.

Any two equivalence classes are digoint or equal: If
xRz and y Rz, by symmetry zRy and by transitivity
x Ry. Any element belongs in the equivalence class of
itself. A family & of nonempty subsetsof aset Siscalleda
partition if (1) whenever C # D in &, wehaveC N D =¢;
(2) Uy C=S. Therefore, the set of equivalence classes
aways forms a partition. Conversely, every partition &
arises from the equivalence relation {(x, y) € A x A: for
someCe @, xeCandyeCl.

An important eguivalence is congruence modulo m of
integers. We say x=y(mod m) for integers x, y, m if
there exists an integer h such that x — y=hm, that is,
if mdivides x —y. If x—y=hm and y — z=km, then
X—2=X—y+y—z=hm+km. So if x=y(modm)
and y=z(modm), then x=2z(mod m). This proves
transitivity.

A relation that is reflexive and transitive is called a
quasiorder. If it satisfies also (OR-4) antisymmetry if
(X,y)e R and (y,Xx) e R then x=y, it is caled a par-
tial order. If apartia order satisfies (OR-5) completeness
for al x, y € A either (X, y)e Ror (y,x) e R, itiscalled
atotal order, or alinear order.

For every total order on a finite set A, the elements
of A can be labeled a;, @, ..., a, in such a way that
a Ra; if i < j. Anisomorphism between a binary rela-
tion Ry on aset A; and R, on A; is a 1-1 correspon-
dence f:A;— A, such that (x,y) e Ry if and only if
(f(x), f(y)) € Rx. Therefore, every total order on afinite
set isisomorphic to the standard order on {1, 2, .. ., n}.

There are many nonisomorphic infinite total orders on
the same set and many nonisomorphic partial orderson fi-
nite setsof n elements. The structure of quasiorderscan be
reduced to that of partial orders. For every quasiorder Ron
any set A, therelation {(x, ¥) : (X, y) e Rand (y, X) € R}
is an equivalence relation. The quasiorder gives a partia
order on the set of equivalence classesof Rand (x, y) € R
if and only if (X, ) € Ry.

The structure of partial orders on small sets can be de-
scribed by diagrams known as Hasse diagrams. An ele-
ment x of a partial order is called minimal (maximal) if
fornoy # x does(y, x) € R((x, y) € R)where(x, y) e R
istakenasx < yintheorder. Every partial order onafinite
set has at least one minimal and at least one maximal ele-
ment. Represent all minimal elements of the partial order
as points at the same horizontal level of the bottom of the
diagram. From then on, the i th level consists of elements
znot in previous levels but such that for at least one y on
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FIGURE 1 Hasse diagrams of partially ordered sets.

apreviouslevel y <zandfornoxisy < x <z Thatis, z
is the very next element greater than y. For al such z, y
draw aline segment from z to y. Figure 1 gives the Hasse
diagrams of three partially ordered sets (posets for short).

A poset is called alattice if every pair of elementsin
it have a least upper bound and a greatest lower bound.
An upper (lower) bound on aset Sisan element x such
that y > x (y < x) for all y € S. Every linearly ordered set
is a lattice, and any family of subsets of a set contain-
ing the union and intersection of any two of its mem-
bers. These |attices are distributive: If A, v denote great-
est lower bound, least upper bound, respectively, then
XA(YVZD)=XAYy)V(XAZ)and XV (YAZ)=(XVY)A
(x Vv 2). A lattice is called modular if these laws hold
whenever two of X, y, z are comparable [two elements
a, b are comparable for R if (a,b)e R or (b,a)eR].
There exist nonmodular lattices, as the last diagram of
Fig. 1.

A binary relation Riscalled astrict partial order if itis
transitive and (OR-6) irreflexive, for no x does (x, X) € R.
There is a 1-1 correspondence between partial orders
R (as x <y) on A and strict partial orders (x <y) ob-
tained as R\{(a, a) : a € A}. Anirreflexive binary relation
R on A is caled a semiorder if for al x,y,z, weA,
(1) if (x,y)eR and (z, w) € R, then either (X, w)e R
or (z,y)eR; (2) if (x,y) e Rand (y, 2) € R, then either
(w, 2) e Ror (X, w) € R. Semiorders can be represented
adwaysas{(x, y): f(x) > f (y)+ 8} for somereal valued
function f and number §, and are strict partial orders.
Figure 2 shows the relationship of many of the relations
taken up here.

Binary relation

Transitive Partial transformation (function)

Idempotent Transformation (function)

-
-

- .
Quasiorder - Permutation

—
-

-~

Partial order Equivalence

Linear order

FIGURE 2 Classification of binary operations.
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E. Boolean Matrices and Graphs

The Boolean algebra® has elements {0, 1} and operations
+,-,°givenby 0+0=0,0+1=14+0=1+1=1,0-0=
1.0=0-1=0,1-1=1,0°=1,1°=0. There are many
interpretations and uses of the Boolean algebra ®: (1)
propositional logic where O isfalse, 1istrue, + is“or,” -
is“and,” ¢ is“not,” (2) switching circuits where 0 means
no current flows, 1 means current flows; and (3) ® x & x
-+ - x B can be taken asthe set of subsets of an n-element
set {yi }, where (Xg, Xo, . . ., Xn) corresponds to the subset
{yi : xi =1}; (4) OmeanszeroinR, 1 means somepositive
number in R, where R denotesthe set of all real numbers.
The algebra & satisfies the same laws as the algebra of
setsunder U, N, ~ where ~ denotes the complementation
sinceit isaBoolean algebra.

An n x m Boolean matrix A= (&;) is an nx m rect-
angle of elements of . The entry in row (horizontal)
i and column (vertical) j is denoted &;. To every bi-
nary relation R from a set X ={xy, X2, ..., X} to set
Y ={y1, Y2, ..., ¥m} Wecan assign aBoolean matrix M =
(mij), where myj is O or 1 according to whether (x;, y;)
doesor doesnot liein R. Thisgivesa1-1 onto correspon-
dencefrom binary relationsfrom X to Y ton x mBoolean
matrices. Many questions can be dealt with simply in the
Boolean matrix form. Boolean matricesaremultiplied and
added by the same formulas as for ordinary matrices, ex-
cept that operations are Boolean. Composition (union) of
binary relations corresponds to product (sum) of Boolean
matrices.

A directed graph (digraph for short) consists of aset V
of elements called vertices (represented by points) and a
set E or ordered pairs of V known as edges. Each ordered
pair (X, y) isrepresented by asegment with an arrow going
from point x to point y. Thus digraphs are essentially the
same as binary relations from a set to itself. Any nx n
(n-square) Boolean matrix or binary relation on a la-
beled set can be represented as a digraph, and conversely.
Figure 3 shows the Boolean matrix and graph of a binary
relationon {1, 2, 3, 4}.

F. Blockmodels

Often binary relations are empirically obtained. Such bi-
nary relations can frequently be simplified by blocking
the Boolean matrices: dividing the set of indicesinto dis-
joint subsets, relabeling to get members of the same sub-
set adjacent, and dividing the matrix into blocks. Each
nonzero block is replaced by a single 1 entry and each
zero block by a single 0 entry. Many techniques called
clustering exist for dividing the total set into subsets. One
(CONCOR) isto take iterated correlation matrices of the
rows.
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Binary relation
1
{a, n, e,2,@a,3),
“,4), 1,2, 2,3),
4, 3)}

(=

0

Boolean matrix

1
1
0
0
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Digraph

0 0

2
10 GL_CP
1 0

3
1 1 C 7\“:

FIGURE 3 Matrix and graph of a relation.

Provided that every nonzero block has at least one 1in
each row the replacement of blocks by single entries will
preserve al Boolean sums and products.

G. General Relational Structures

A generd finiterelational structureon aset Sisanindexed
family R, of subsets of SU(Sx SU(Sx Sx U ---.
Such structures include order structures and operational
structures such as multiplicative ones as subsets {(X, Y, 2)
€ Sx Sx S: x x y=1z}. A homomorphism of relational
structures (index the sameway) R, on S, to T, on S, con-
sistsof afunction f : S, — S suchthat if g isthemapping
SUEXxSUE xS xF)U - to SU(Sx F)U
(S xS xS)U---whichis f on each coordinate then
og(R,) C T, for each @. An isomorphism of relational
structuresisal-1 onto homomorphism suchthat g(R,) =
T, for each «. The quotient structure of R, on S associ-
ated with an equivalence relation E on Sis the structure
T, = 9(Ry), for f themapping S— S/E assigningtoeach
element its equivalence class.

H. Arithmetic of Residue Classes

Let Z denote the set of al integers. Let E,, be the
equivalencerelation {(x, y): Z x Z: x — y =kmfor some
k € Z}. Thisisdenoted x = y(mod m). We have previously
noted that it is an equivalence relation.

It divides the integers into exactly m equivalence
classes, for m#0. For m=3, the classes are 0=/1{... .,
-9,-6,-3,0,3,6,9,...}, 1={...,-8,-5,-2,1,4,
7,10,...}, 2={...,—7,—4,-1,2,5,8,11,...}. Any
two members of the same class are equivaent (3 divides
their difference).

This relation has the property that if x = y(modm)
then,forany ze Z, x + z=y+ zsincemdividesx 4+ z —
(y+2)=x—yandxz=yz Such arelationin general is
called a congruence. For any congruence, we can define
operations on the classesby X + y = X + ¥, and Xy = X¥.

Let Z,, be the set of equivalence classes of Z under
congruence module m and under +, x quotient operators.

Operationsin Z; are givenin Fig. 4.

Il. SEMIGROUPS

A. Generators and Relations

A binary operation is a function that given two entries
from aset Sproduces some element of aset T. Therefore,
it is afunction from the set Sx S of ordered pairs (a, b)
to T. The value is frequently denoted multiplicatively as
axb,acb, or ab. Addition, subtraction, multiplication,
and division are binary operations.

The set Sissaid to be closed under the operation if the
product always lies in S itself. The positive integers are
not closed under subtraction or division.

The operation is called associative if we always have
(acb)yec=ac(boc). We have noted that this always
holds for composition of functions or binary relations.
Conversely, if closure and associatively hold, the set can
always be represented by a set of functions under compo-
sition.

A set with a binary operation satisfying associativity
and closure is called a semigroup. The positive integers
form a semigroup under multiplication or addition. An
element o is called aleft (right) identity in a semigroup
Sifforal x € S, eX = X(Xe = X). A semigroup with two-
sidedidentity iscalled amonoid. To represent asemigroup
as a set of functions under composition, first add a two-
sided identity element o to obtain amonoid M. Then for
each x in M define a function fx: M — M by fi(y)=
Xey.

The set generated by a subset G C S is the set of all
finite products {Xi1Xo---X,:neZ*, x; € G}, where Z*
denotes the set of al positive integers. The set satisfies

+ 01234 01234
0 [01234 0/00000
1112340 1101234
2 123401 2102413
3134012 3103142
4140123 4104321

FIGURE 4 Addition and multiplication of module 4 residue
classes.
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closuresince (X1 Xz - - - Xn)(Y1Y2 - - - Yn) has agian the form
required. A subset of a semigroup satisfying closureisit-
self asemigroup and is called a subsemigroup. The set G
iscalled aset of generatorsfor Sif G generatesthe entire
semigroup.

For a given set G of generators of S, arelation is an
equation Xi1X - - - Xn = V1Yo - - - Y, Where x;, i € G.

A homomorphism of semigroups is a mapping f :
S — S such that f(xey)= f(x)f(y) fordl x,ye S.
For example, e* is a homomorphism from the additive
semigroup of real numbers (R, +) to the multiplicative
semigroup of complex numbers (C, x), since €Y =
(e¥)(e¥). Here C denotes the set of all complex numbers.
The trace and determinant of n-sguare matrices are ho-
momorphisms, respectively, from the additive and multi-
plicative semigroups of n-sguare matrices to the additive
and multiplicative semigroups of real numbers.

Anisomorphism of semigroupsisal-1 onto homomor-
phism. The inverse function will then also be an isomor-
phism. Isomorphic semigroups are structurally identical.

Two semigroups having the same generating set G and
the same relations are isomorphic, since the mapping
f(XpoXp0 «+- oXy) =Xy X% -+ - % Xy Will be a homo-
morphismwhereo, * denotethetwo operations. Theiden-
tity of the sets of relations guarantees that thisis well de-
fined, that is, if X;o X0 «+- e Xpm=VY10 Y20 --- oYy, then
f(x1oXz0 -+ oXm)=f(yr1o¥20 -+ o yn).

For any set of generators G and set R of relations, a
semigroup S can be produced having these generators
and satisfying the relations such that if f(G) — T isany
function such that for every relation xyo Xzo « -+ o X =
yio Yoo - - oy, thereation f(xy) f(xg)* --- % f(Xm)
= f(y)* f(y2)* --- * f(yn) holds then f extendsto a
homomorphism S— T.

To produce Swe take the set of al “words” X1 Xz - - - Xm
inG, that is, sequences of elementsin G. Two “words” are
multiplied by writing one after the other X1Xz - - - XmY1Y2
-+ - Yn. We define an equivalence relation on words by
w1 ~ wy if w, can be obtained from w1 by a series of re-
placments of a XXz - - - Xpb by ay1y» - - - ymb, where a, b
are words (or are empty) and Xi1Xz2 - - - Xn =VY1Y2 - - - Ym IS
arelationin R. Then Sisthe set of equivalence classes of
words.

The semigroup Sis called the semigroup with genera-
tors Sand defining relations R. Thefact that multiplication
is well defined in Sfollows from the fact that a~b isa
congruence. This means that if a~ b then for all words
X, ax ~bx and xa~ xb, and that ~ is an eguivalence
relation.

For all semigroup homomorphisms f : S— T the re-
lation f(x)= f(y) isacongruence. Conversely any con-
gruence gives rise to a homomorphism from S to the set
of equivalent classes.
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B. Green’s Relations

For analyzing the structure of semigroups in many cases
it is best to decompose it into a family of equivalence
classes.

Let Sheasemigroup and let M be Swith anidentity el-
ement if Slacksone. Let R betherelationfor x, y € Sthat
for somea,be M, xa=vy, yb=x. Let & betherelation
for somea,be M, ax =y, by=x. Let $ be the relation
thatfor somea, b, ¢, d € M, axc =y, byd = x. What these
equations expressis akind of divisibility, that either x, y
can be a factor of the other. For example, in Z* under
multiplication (2, 5) ¢ $ because 2 is not afactor of 5.

There are two other important relations. =% NR =
{(X,y) : xEyandxRylandD=FL R =R F. These
are both equivalence relations aso and are known as
Green’srelations.

For the semigroup of transformations on a finite set
T, fZg if and only if the partitions given by the equiv-
alencerdations {(x, y)e T x T: f(xX)= f(y)}, {(X,y) €
T xT:g(xX)=9(y)} coincide, f @ gifandonlyif f $g
if and only if f, g have the same number of image ele-
ments, and f %R g if and only if their images are the same.

In a finite semigroup, $ =%. The entire semigroup is
always broken into $-classes, which are partially ordered
by divisibility. The %-classes, which arein these, are bro-
ken into F¢-classes Hij=R NL;, where R, L; are the
R, F-classesin agiven P-class.

The F(-classes can be laid out in a matrix (H;;) called
the eggbox picture of a semigroup. There exists a 1-1
correspondence between any two #-classes.

A left ideal in a semigroup Sis a set $ C S such that
for al xe S, ye 9 the element xy € 3. Right and two-
sided ideals are similarly defined by yxe S, yxze S
for al y, ze S, respectively. An element x generates the
principal left, right two-sided ideals Sx ={yx:ye S},
XS={xy:ye S}, SxS={yxz:y, ze S}. Two elements
are-, R-, $-equivalent (assuming Shasanidentity, oth-
erwise add one) if and only if they generate the same | eft,
right, or two-sided ideals, respectively.

C. Binary Relations and Boolean Matrices

The set of binary relations on an n-element set under com-
position forms a semigroup that is isomorphic to B,, the
semigroup of n-square Boolean matrices under Boolean
matrix multiplication. A 1 x n(n x 1) Boolean matrix is
called a row (column) vector. Two vectors are added or
multiplied by a constant (0 or 1) as matrices. (1,0, 1) +
(0,1,0)=(1,1,1),0v=0,and 1lv =v. A set of Boolean
vectors is called a subspace if it is closed under sums
and contains 0. The span of a set W of Boolean vectors
isthe set of al finite sums of elements of W, including 0.
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The row (column) space of a Boolean matrix is the space
spanned by its row (column) vectors. Two Boolean ma-
trices are $- (also 9-) equivalent if and only if their row
spaces are isomorphic. The basis for a space of Boolean
vectors spanned by Sis{x e S: x#0and x isnot in the
span of S\{x}}. Two subspaces areidentical if and only if
their bases are the same. Basesfor the row, column spaces
of a Boolean matrix are called row, column bases. Two
Boolean matrices are &- (%-) equivalent if and only if
their row (column) bases (and so spaces) coincide.

A semigroup of the form {x"} is called cyclic. Every
cyclic semigroup is determined by the index k =inf{k €
Zt xkm=xk for some me Z*}, and the period d =
inf{d € Z* : x*+9 = xk}. The set of powersk, k+1, ...re-
peat with period d. If an n-square Boolean matrix Aisre-
flexive (A> 1), then A=Al <A><A3< ... <A™ 1=
A", an idempotent. Here | denotes the identity matrix.
Alsoif Aisfully indecomposable, meaning that there ex-
istsnononempty K, L c {1, 2, ..., n}with|K|+|L|=n,
where|S| denotesthe cardinality of aset S, and a;; =0for
ieK,jel,then A"1=Jandso Ahasperiod 1 andin-
dex at most n — 1. Here J isthe Boolean matrix all entries
of which are 1.

Ingeneral, an n-square Bool ean matrix has period equal
to the period of some permutation on {1,2,...,n} and
index at most (n — 1)2 + 1.

D. Regularity and Inverses

Anelement x of asemigroup Sissaidtobeagroupinverse
of y if Shasatwo-sided identity ¢ and Xy =yX =<. A
semigroup in which every element has a group inverse is
called agroup. In most semigroups, few elements are in-
vertibleinthissense. A functionisinvertibleif and only if
itis 1-1 onto. A Boolean matrix in invertible if and only
if it isthe matrix of a permutation (permutation matrix).

There are many weaker ideas of inverse. The two most
important are regularity yxy =y and Thierrin-Vagner in-
verse yxy =y and xyx = X. Anelement y hasaThierrin-
Vagner inverse if and only if it is regular: If yxy=y
then xyx is a Thierrin-Vagner inverse. A semigroup in
which all elements are regular is called a regular semi-
group. The semigroupsof partial transformation, transfor-
mations, and n-sguare matrices over afield areregular. In
the semigroup of n-square Boolean matrices, an element
isregular if and only if its row space forms a distributive
| attice as a poset.

Anidempotentisan element x suchthat xx = Xx. Anele-
ment X isregular if and only if its £-equivalence class con-
tainsanidempotent: if xyx = x then xy isidempotent. The
same holds for R-equivalence classes. Therefore, if two
elements are & or R-equivaent (therfore %-equivalent),
oneisregular if and only if the other is.
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If an F-class contains an idempotent, then it will be
closed under multiplication, and multiplication by any of
its elements gives a 1-1 onto mapping from it to itself.
Therefore, it forms a group. Conversely any group in a
semigroup liesin asingle ¥-class since under multiplica-
tion any two elementsare £-equivalent and %k -equivalent.

E. Finite State Machines

The theory of automata deals with different classes of
theoretical machines representing robots, calculators, and
similar devices. The simplest arethe finite state machines.
There are two essentially equivalent varieties: Mealy ma-
chines and Moore machines.

A Mealy machine is a 5-tuple (S, X, Z, v, 1), where
S, X, Z aresets, v afunction Sx X to S, and u afunction
S x X to Z. Thesamedefinition holdsfor M oore machines
except that w isafunction Sto Z.

Here Sisthe set of interna states of the machine. For
a computer this could include all posibilities as to which
circuit elementsareonor off. Theset X isthe set of inputs,
which could include a program and data. The set Z isthe
set of outputs, that is, the desired response. The function
u gives the particular output from a given internal state
and input. The function v gives the next internal state
resulting from a given state and input. For acomputer this
is determined by the circuitry. For example, a flip-flop
will change its internal state if it receives an input of 1;
otherwise the internal state will remain unchanged.

A Mealy machine to add two n-digit binary numbers,
a, b can be constructed as follows. Let the ith digits of
&, by beinputs, so X ={0, 1} x {0, 1}. Let the carry from
thei — 1 digit be ¢;. It is an internal state, so S={0, 1}.
The output is the ith digit of the answer, so Z={0, 1}.
The function v gives the next carry. It is 1 if and only if
a + by + ¢ > 1. Thefunction u givesthe output. Itis1if
and only if g + by 4+ ¢ isodd. Figure 5 gives the values
of v and u.

With a finite state machine is associated a semigroup
of transformations, the transformations f«(s) = v(s, x) of

X S v u
00 0 0 0
01 0 0 1
10 0 0 1
11 0 1 0
00 1 0 1
o1 1 1 0
10 1 1 0
11 1 1 1

FIGURE 5 Machine to add two binary numbers.
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the state space, and all compositionsof them fy ,..x,(S) =
fx,(fx, - - Tx,(8)). This is called the semigroup of the
machine.

Two machines are said to have the same behavior if
thereexistsabinary relation Rfromtheinitia statesof one
machinetotheintial state of the other suchthatif (s,t) € S
then for any sequence X1, Xo, ..., Xk Of inputs machine 1
in state s gives the same sequence of outputs as machine
2. A machine M; equivalent to agiven machine M having
aminimal number of states can be constructed asfollows.
Call two states of M equivalent if, for any sequence of
inputs, the same sequence of outputs is obtained. This
gives an equival ence relation on states. Then let the states
of M; be the equivalence classes of states of M.

No finite state machine M can multiply, as the above
machine adds binary number of arbitrary length. Suppose
such a machine has n states. Then suppose we multiply
the number 2¥ by itself in binary notation (adding zeros
in front until the correct number of digitsin the answer is
achieved). Let f, be the transformation of the state space
given by inputsof 0, 0 and let a be the state after theinputs
1, 1. Theinputs 0, O applied to state f,/(a) give output O
fori=0,1,2,...,k—2butoutput Lfori =k — 1. Yetthe
transformation f on aset of n elementswill haveindex at
most n. Therefore, if k > nthen fX~*(a) will coincidewith
f, (a) for some j < k — 1. Thisisacontradiction sinceone
yields 0 output, the other 1 output. It follows that no such
machine can exist.

F. Mathematical Linguistics

We start with a set W of basic units considered words.
Mathematical linguistics is concerned with the formal
theory of sentences, that is, sequences of words that
are grammatically allowed and the grammatical structure
of sentences (or longer units). This is syntax. Meaning
(semantics) is usually not dealt with.

For aset X, let X* be the set of finite sequences from
X including the empty sequence e. For instance, if X is
{0, 1}, then X* is{e, 0, 1, 00, 01, 10, 11, 000- - -}. For a
more important example, we can consider the family of
all sequences of logica variables p, q,r, and v (or), A
(and), (,) (parentheses), — (if then), ~ (not). The set of
logical formulaswill be a subset of this.

A phrase structure grammar is a quadruple (N, W,
0, ¥), where W (set of words) is nonempty and finite,
N (nonterminals) is a finite set digoint from W, ¢ € N,
and p is a finite subset of (N UW)*\W*) x (N UW)*,
The set N is aset of valid grammatical forms involving
abstract concepts such as i (sentence) or subject, predi-
cate, object. Theset p (productions) isaset of wayswecan
substituteinto avalid grammatical form to obtain another,
more specific one. The element v is called the starting
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symbol. If (X, y) € p, we are alowed to change any oc-
currence of x with y. Members of W are called terminals.

Consider logical formulas involving operations v, ~
and variables p,q,r. Let W={p,q,r, Vv,(,),~}, N=
{y¥}. We derive formulas by successive substitution, as
v, (V) (W V) V), (b v v ~¥), ((PVy) Vv ~
¥), (pva)v ~y). (pva)v ~r).

An element ye (N UW)* is said to be directly de-
rived from x e (N UW)* if x=azb, y=awb for some
(z, w)e p,a,be(NUW)*. An indirect derivation is a
seguence of direct derivations. Here p = {(v, p), (¥, Q),
(. 0), (b, ~y), (¥, (¥ v ¥))}.

Thelanguage determined by aphrase structuregrammar
isthe set of all a € W* that can be derived from .

A grammar is called context free if and only if for all
(a,b) e p,ae N, b+#ey. Thismeansthat what items can
be substituted for a given grammatical element do not de-
pend on other grammatical elements. The grammar above
is context free.

A grammar iscalled regular if for al (a, b) € p wehave
aeN,b=tn,wheret e W, ne N, or n=e,. Thismeans
at each derivationwegofromtsty - - - trntotyty - - - trtr pam,
wheret; areterminals, n, m nonterminals, (n, t. .1m) € p.
So wefill in one terminal at each step, going from left to
right. The grammar mentioned above is not regular.

To recognize agrammar isto be able to tell whether or
not a sequence from W* isin the language. A grammar is
regular if and only if some finite state machine recognizes
it. The elements of W are input 1 at a time and outputs
are“yes, no,” meaning al symbolsup to the present are or
are not in the language. L et the internal states of the ma-
chine bein 1-1 correspondence with all subsetsof N, and
let theinitial state be . For aset S; of nonterminals and
input X let the next state bethe set S, of all nonterminals z
such that for someu € S, (u, xz) isaproduction. Then at
any time the state consists of all nonterminals that could
occur after the given segence of inputs. Let the output be
“yes” if and only if for someu e N, (u, X) € p. Thisisif
and only if the previous inputs together with the current
input form aword in the language.

For the converse, if afinite state machine can recognize
alanguage, let W be as in the language, N be the set of
internal states, i the initial state, the productions the set
of pairs (n1, xny) such that if the machine isin state n;
and x is input, state n, is the next state, and the set of
pairs (ny, X) such that in state n, after input X the machine
answers “yes.”

A further characterization of regular language is the
Myhill-Nerode theorem. Let W* be considered a semi-
group of words. Then a language L ¢ W* is regular if
and only if the congruence {(x, y) e W* x W* : axbe L
if and only if aybe L for al a, be L} has finitely many
equivalence classes. Thisis if and only if there exists a
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finitesemigroup H, ahomomorphismh : W* — H isonto,
and asubset SC H suchthat L =h=1(S).

lll. GROUPS

A. Examples of Groups

A group is a set G together with a binary operation
here denotedo such that (1)cis a function G x G —
G (closure); (2) - is associative, for example, (X y)oz=
X o (ye° 2); (3) there exists atwo-sided identity . such that
eoX=Xoe=X foral xeG; (4) for al xe G there ex-
istsy e G with Xocy=yoX = . Here y isknown as an
inverse of x. From now on we suppresse.

For any semigroup S with a two-sided identity ., let
S*={xeS:xy=yx=ec for some y € S}, the set of in-
vertible elements. The element y = x ! is unique since if
ViX =e, XY2 = then y; = y1Xyo = Yy,. Then S* satisfies
closure since (ab)~* =b~'a~! and is a group where a—*
isaninverse of a.

A group with a finite number of elements is called a
finite group; otherwise, it is called an infinite group. If a
group G isfinite, and G contains n elements, we say that
the order of G isn and we write |G| =n. If G isinfinite,
wewrite |G| = oo. In general, |G| denotesthe cardinality
of aset G.

The group of all permutationsof {1, 2, ..., n}iscaled
., the symmetric group of degree n. The degree is the
number of elementsinthe domain (and range) of a permu-
tation. Therefore, &,, has degree n, order n!. A subgroup
of &, isformed by the set of all transformation of theform
1-k+1,2—-k+2,...,n—-k—=>nn—-k+1->1,...,
n— k.

For any set P of subsets of n-dimensional Euclidean
space E", let T be the union of the subsets of P. A sym-
metry of P isamapping f: T — T such that (S-1) for
X, YeT,d(x,y)=d(f(x), f(y)), whered(x, y) denotes
the distance from x to y; and (S-2) for ACT, Ae P if
and only if f(A)e P. Thatis, f preserves distances and
sendsthe subsets C of P, for example, pointsand lines, so
other subsets of P. Theinverse off isitsinverse function,
which also satisfies (S-1) and (S-2).

The sets R, Z, Z,, under addition are all groups.
The group Z,,, the group of permutations {1 — k+1,
2—k+2,...,n— Kk}, and the group of rotational sym-
metriesof ann-sided regul ar polygon areisomorphic. That
is, there exists a 1-1 correspondence f between any two
such that f(xy)= f(x)f(y) foral x, y inthe domain. A
group isomorphic to any of theseis called a cyclic group
of order m.

The group of al symmetries of aregular n-sided poly-
gon has order 2n and is called the dihedral group of order
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X1X2 *tt Xn Xn+1Xn+2 *°° Xon
X1 X1X2 Tt X Xn+1Xn+2 °*° Xon
X2 X2X3 Xy Xn+2Xn+3 *°° Xn+1
Xn XnX1 Tt Xp-1 XonXn+1 " Xon-1
Xn+1 Xn+1X2n **° Xn+2 X1Xn X
Xan XonXon—1 *** Xn+1 XnXn—1 X

FIGURE 6 Multiplication table of the dihedral group.

n. It isisomorphic to the group of functions Z,, — Z, of
the form f(x) = £x + k. Its multiplication table is given
inFig. 6, wherex; isx +i — lifi >n+1, —x+i—n—-1
ifi >n.

B. Fundamental Homomorphism Theorems

A group homomorphism is a function f : G — H satis-
fying f(xy)=f(x)f(y) for dl x,y in G. If f is1-1
and onto it is called an isomorphism. For any group G
of order n there is a 1-1 homomorphism G — & ,;; la
bel the elements of G as x3, X, ..., X,. For any x in G,
the mapping a — xa gives a 1-1 onto function G — G,
o there exists a permutation m with XX = X.). Thisis
a homomorphism since if x, y are sent to =, ¢, we have
YXXi = YXr(i) = Xg(=(i))- 1 hEreisanisomorphismfrom,,
to the set of n-square permutation matrices (either over R
or aBoolean algebra), and it follows that any finite group
can be represented as a group of permutations or of in-
vetible matrices.

Groups can be simplified by homomorphisms in many
cases. The determinant represents the group of nonsin-
gular n-sguare matrices in the multiplicative group of
nonzero real numbers (it isnot 1-1). For abounded func-
tion g, / gf dx is a homomorphism from the additive
group of integrable functions f to the additive R.

The kernel of a homomorphism f:G—H is
{x: f(x) =e}. Every homomorphism sends the identity
to the identity and inverses to inverses. Existence of in-
verses means we can cancel on either side in groups:
If ax=ay then a—tax=a"'ay, ex=ey, Xx=Y. There-
fore, theidentity isthe unique elements satisfying ee —e..
Under a homomorphism f(e)= f(ee)= f(e)f(e) SO
f(e) is an identity. So « is in the kernel. A ho-
momorphism is 1-1 if and only if < is its only €-
ement: If f(x)=f(y), then f(xy H=FfXx)f(y )=
f)f(y) = f(x)f(x) 1=e.

If x,y are in the kernel, so is xy since f(xy)=
f(X)f(y) =ece =e. If x isinthe kernel, sois x~1. Any
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subset of group that is closed under products and inverses
is a subgroup. Both the kernel and image of a homomor-
phism are subgroups.

The mapping ¢y : G — G defined by cg(x) = gxg~? is
called a conjugation. An isomorphism from a group (or
other structure) to itself is called an automorphism. Since
cg(Xy)=0gxyg—* = gxg~tgyg?, cq isahomomorphism.
If h=g1,thency istheinverseof cy. Therefore, themap-
pings cy are automorphisms of a group. They are called
the inner automorphisms. This gives a homomorphism
of any group to its automorphisms, which also form a
group, the automorphism group. A subgroup N isnormal
if cg(x) e N forall x e N and g € G. Thekernel isaways
anormal subgroup.

If f:G— H haskernel K andisonto, thegroup G is
said to be an extension of K by H. Whenever there exists
a homomorphism f from K to Aut(H) for any groups
K, H, a particular extension exists called the semidirect
product. Here Aut(H) denotes the automorphism group
of H. Thishasasitsset K x H and products are defined
by (k1, h1)(ko, ho) = [kiko, f(ko)(h1)(hy)], k1, ko € K and
hi, hy € H. The dihedral group isasemidirect product of
Z,and Z,,.

The groups K, H will generally be ssimpler than G. A
theory exists classifying extensions. If agroup hasno nor-
mal subgroups except itself and {e}, it is called simple.
The alternating group, the group of permutations in &,
whose matrices have positive determinant, is simple for
n > 4. Itsorder isn!/2. For n odd, the group of n-square
real-valued invertible matrices of determinant 1 is sim-
ple. For n even a homomorphic image of &,, with kernel
{I, —1}issimple, where | isanidentity matrix. All finite
and finite-dimensional differentiable, connected simple
groupsare known and most are constructed from groups of
matrices.

For any subgroup H of agroup G there exist equiva-
lence relations defined by x ~ y if xy~*e H(y 1x € H).
These equivalence classes are called left (right) cosets.
The left (right) coset of a is Ha={ha:heH}
(aH ={ah:h e H}). There exists a 1-1 correspondence
H — Ha given by x — xa (x — ax for right cosets).
Therefore, al cosets have the same cardinality as H. If
[G : H] denotes the number of right (or left) cosets, then
|G| =|H|[G: H],whichisknown asL agrange’stheorem.
So the order of a subgroup of a finite group must divide
the order of the group. If G isagroup of prime order p,
let X € G, X #e. Then {x"} forms a subgroup whose order
divides and must therefore equal p. So G = {x"}.

If N isanormal subgroup and x ~ y, for al g € G then
gx ~gy and xg~ yg since gxy1g~! and xy~! are in
N if xy~2in N. It follows that if a~b and c~d, then
ac ~ bd. Therefore, the equivalence classes form a group
G/N called the quotient group. Its order is |G|/|N]|.
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For any homomorphism f : G — H withkernel K, im-
age M every equivalence class of K is sent to a single
element. That is, f gives a mapping G/K — M. This
mapping is an isomorphism.

If A, B arenormal inagroup G, and B is a subgroup
of A, then

G/B _ G/

A/B
If Aisanormal subgroup and B is any subgroup of G,
and AB={ab:ac A, be B} then,

AB B
A~ ANB

C. Cyclic Groups

Let G beagroup. If thereexistsa € G suchthat G = {a* :
k € Z}, then G iscalled acyclic group generated by a, and
a is caled a generator of G. For addition, the definition
becomes:

There exists a € G such that for each g € G there exists
k € Z such that g =ka.

A group G is said to be commutative when Xy = yx
for dl x,y in G. Commutative groups are also called
Abelian. In a commutative group, gxg~t=x for all
ge G. Therefore, every subgroup of a commutative
group is normal. Let R" denote the set of al n-tuples of
real numbers. Then (R", +) is a commutative group. For
any groups Gy, Go, ..., Gp, theset Gy x Go x -+ x Gy,

under componentwise multiplication (xy, ..., X) X
(Y1, -+ -» Yn)=(XaY1, ..., XnYn) IS a group caled the
Cartesian or direct product of G1, Go, ..., Gy. If dl G;

are commutative, soisthedirect product. For any indexed
family G, of groups, coordinatewise multiplication
makes the Cartesian product a group xaG,. The subset
of elements (x,) such that {« : X, =<} isfiniteisaso a
group sometimes called the direct sum.

A set GocG is sad to generate the set
{X1X2---Xn:X €Gg or X 1eGp for al i and neZ}.
Every finitely generated Abelian group is isomorphic to
adirect product of cyclic (1 generator) groups.

A group of words on any set X is defined as the
set of finite sequences (with ) x2Mx3@ ... xaM y ¢ X,
a(n)eZ. We can reduce such words until a(i)=0,
Xi # Xi+1 by adding exponentsif and only if they have the
same reduced form. Equivalence classes of words form a
group F.

Relations among generators in a group can be writ-
ten in the form x2Mx3@ . .. xa™ — .. For any set G and
set of relations R in the elements of Gy, there exists a
group G defined by these relations such that any map-
ping f:Gyo— H extends to a unique homomorphism
g:G — H if the relations hold in H. The group G is
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defined to be F/N, where N is the subgroup generated
by {yx2Wx3@ ... xa)y=1: xaMya@) . yam) —, jsare-
lationof R,y e F}.

The dihedral group has generators, X, y and defining
relaionsx™=e, y> =e, yx = X" 1y.

The word problem for a group G with given sets of
generators and defining relations is to find an algorithm
which for any product x2®x3@ .. xa™ will determine
(in a finite number of steps) whether this product is .
For general groupswith finite Gy, R, theword problemis
unsolvable; that is, no algorithm exists.

If acyclic group {x™} hastwo powers equal, then some
power is <. Let d be the least positive power equal to
. Then x°, x, x2, ..., x9-1 are distinct and for any m
if m=qd+r then x™ = (x4)Ix" =9x" =x". It follows
that thegroupisisomorphicto Z,,, under addition. If notwo
powersareequal, then f (x™) = mdefinesanisomorphism
to Z under addition.

Themultiplicative groups Z*, = Z,,,\ {0} must be distin-
guished from Z,,. For m prime we will later prove Z, is
cyclic (of order m—1). For m=8, S={1,3,5, 7} C Z}
with multiplication 1=, 3>=5°=72=1,35=7. It is
isomorphic to Z, x Z,, isnot cyclic, and is the noncyclic
group of smallest order.

D. Permutation Groups

In the symmetric group &, of al permutations of
{1, 2,...,n} elements are written in two standard ways.

The notation

1 2 3 ... n

(al a az ... an>
denotesthefunction f (1) =ay, f(2)=ay, f(3)=as, ...,

f (n) = an. Itisconvenient to compose permutations writ-
ten in this notation. To find

12345 12345
54321 35421
as functions, on the right go through 1 to 5 on top. For

each number find its image bel ow; then locate that image
on the upper left. Below it isthe final image.

1-5-1
2-4-2

12345
3-3-4 —

12453
4-2-5
5-1-3

The inverse of an element is obtained by looking upi on
the bottom and taking the element aboveit,i =110 5.
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1234571 12345
(45123) _<34512>
In computer work, permutations can be stored as arrays
F(N), G(N) with composition F(G(N)) [or u=G(x) :
y=F(u)].

The second standard notation is cyclic notation. A
k-cycle (XiXo---Xk) is the permutation f such that
f(X) =%, T(X2)=Xs, ..., f(X) =X, and f(y)=yfor
y#x.Iffori=212,.... mand j=12, ...,k X #Yj,
then (X1 Xz - - - Xm) and (Y1Y2 . . . Yk) commute.

Any permutation p can be written uniquely as a prod-
uct of digoint cycles of length greater than 1. In such a
representation x, y will lie in the same cycle if and only
if p(X) #X, p(y)#y and pX(x) =y for somek € Z. This
defines an equivalence relation, so take the sets of cycles
to be the equivalence classes. In each equivalence class,
choose an element x, and the cycleif it hassized must be
(xo(X)p%(x) - - - p4H(x)).

Two permutations are conjugateif and only if they have
the same number of cycles of each length. The order of
a group element x is the order of the cyclic subgroup it
generates, that is, the least m such that XM =e. If x=
717, ---Z¢ in cycle form, then since zz; =z;z, x" =
2'zy - - z0' and XM =¢ if and only if @l z" =e. There-
fore, the order of x is the least common multiple of the
lengths of its cycles.

A permutation p acts on the expression ITi < j (X1 — X;)
by taking it to IT; - (X,() — X,(j))- Since each pair {i, j} is
sent to {p(i), p(j)} in a1-1 fashion, each factor goes to
plus or minus another factor in the same expression. The
sign of apermutation is defined to be +1 or —1 according
as the whole expression goes to + or — itself. Thisis a
group homomorphism. Permutations of sign +1(—1) are
called even (odd). Those of sign +1 form the kernel of the
homomorphism, the alternating group «,.. Any 2-cycle
(transposition) is odd. A k-cycle (x3Xz - - - Xk) is a prod-
uct of (k — 1) transpositions (X Xk_1)(Xk—1Xk_2) - - - (X2X1)
s0 it has sign (—1)%~1. The symmetric group is generated
by any transposition t = (ab) and any n-cycle of the form
z=(ab---). By conjugation z"tz~" we obtain afamily of
transpositions tj. Products of these give a new family of
elements w;. Conjugation of t; by w; give al transposi-
tions. Products of these give all cycles. Products of cycles
give al permutations.

E. Orbits

A group G of permutations of aset Sisalso saidto bea
group acting on aset. Thefunction evaluation g(s) defines
afunction G x S— Ssuch that g(h(s)) = (g h)(s). The
relationon S; {(s, t) : g(s) =t forsomeg € G} isanequiv-
adencerdation. If g(s) =t and h(t) = u, then h(g(s)) = u,
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so it istransitive. Its equivalence classes are called orbits.
For cyclic groups, the orbits are the underlying sets of the
cycles.

A permutation group is said to be transitive if Shas a
singleorbit. Thiswill betrueif andonly if G doesnotliein
aconjugate of some S(ny) x S(ny) x --- x §(nk) € §(n),
where nj >0,k> 1, ¥nj =n, and S(n;) acts on n; +
No+ ---+Ni_1+1L,Nni+nNp+ - +Nj_14+2,...,N1+
N,+ --- +nj_1+n;. Otherwise, it is caled intransi-
tive. For any element x, the isotropy subgroup of x is
H ={g e G:gx=x}. Thenfor any a, the coset aH maps
x toasingle element ax. Different cosetsgive different el-
ements. Therefore, thereisa 1-1 correspondence between
cosets and elements of the orbit of x. So [G : H] isthe
cardinality of the orbits of x.

Any group acts on itself by conjugation. The orbits are
the equival ence classes under therelationfor somegin G,
x =gyg~!, and are called conjugacy classes. Their size,
since they are orhits, divides |G|.

Let G beagroup of order p", p prime,n € Z*. Suppose
theidentity e wastheonly conjugacy classcontaining only
one element. Then all other conjugacy classes have order
p',i >0. So G has kp+ 1 elements for some k. Thisis
fase. If every element of G hasan order power of p, then
G iscalled a p-group. Therefore, for any p-group G the
set C={c: cg=gcfor adl ge G} hassize larger than 1.
For any group C so defined is a normal subgroup and is
commutative, called the center.

F. Symmetry

An agebraic structure on aset Sisafamily of subsets %,
indexedona el of § =SU(Sx U(SxSx HU ---.
An automorphism of this structure is a 1-1 onto map-
ping f : S— Ssuchthat foradl e €l, T € ¥, if and only
if f(T)e,. For operational structures, this is any 1-1
mappingthatisahomomorphism: f (xy) = f(x) f (y). The
complex number system has the automorphism a + bi —
a — bi. The additive real numbers has the automorphism
X — —X.

Especially in a geometric setting, automorphisms are
called symmetries. A metric symmetry of ageometric fig-
ureisanisometry (distance-preserving map) onitspoints,
which also gives a 1-1 correspondence on its lines and
other distinguished subsets. Finite groups of isometriesin
three-dimensional space include the isometry groups of a
regular n-gon (dihedral), cube and octahedron (extension
of Z, by ¥4), icosahedron and dodecahedron (extension
of Z, by sds).

The possibleisomorphism typesof n-dimensional sym-
metric groups, finite or continuous, arelimited. One of the
principal applicationsof group theory isto make use of ex-
act or approximate symmetries of asystemin studying it.

Algebra, Abstract

G. Enumeration

Theequation |Ox| =|G|/|H|, where Oy istheorhit of X,
G agroup, and H the isotropy subgroup of X, simplifies
anumber of enumeration problems.

Another problem is to count the number of orbits. A
lemma of Burnside states that for agroup G acting on a
set X the number of orhitsis |G| 1 Zq4c fq, where fq is
the number of elements fixed by g, that is, |[{x : gx =Xx}|.
Thisis proved by counting the set S={(x, g) : g(X) = x}
first over each g (yielding Xfg) and then over each x
(yieldingXZ|G|/|Oxl).

Polya’stheory of countingwasmoativated partly by ade-
sireto count the number of distinct structuresof achemical
compound with known numbers of elements and known
graph but unknown locations of elements within the di-
agram. Suppose we have a hexagona compound con-
taining four carbon and two silicon atoms (Fig. 7; the
reality of such a compound is not considered here). In
how many distinct ways can the atoms be arranged? The
symmetry group of a hexagon is the dihedral group of
order 12.

In the Redfield-Polya theory, we first obtain a
polynomial

1
LX) = = T ROXEO O

Pe(Xq, X2, .. @
geG

where ¢; () isthe number of cyclesof g of lengthi and k
is the maximum length of any cycle. The dihedral group
breaks down as shown in Table|. Then

Pg(X]_, X2, ..., Xn)
= S (xP + 2x§ + 2 + X3 + 3x2xZ + 3%3)

For instance, « having six 1-cyclesyieldsterm x{. Redfield
and Polyacomputed the number of labelingsof X by labels
01, 62, ..., 0m such that 6; occurs exactly n; times. They
proved that this is the coefficient of 66,7 - - - fm in

Po(f1+ 602+ +0m 07+ 05+ +063, ...,

OF + 05+ +6%)

5 4

FIGURE 7 Hexagonal molecule.
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TABLE | Cycle Structure of Hexagonal Symmetries

Rotations Reflections

r% 6 1-cycles c1=6 — — —
(123456) 16-cycle =1 About 2 vertices 22-cycles c1=cp=2
(654321) (26) (35)

(23) (46)

(15) (24)
(135) (246) 2 3-cycles c3=2 — — —
(153) (246)
(14) (25) (36) 3 2-cycles =3 About an edge center 3 2-cycles =3

(12) (36) (45)
(23) (14) (65)
(16) (25) (34)

In the problem above this yields the coefficient of 6265 in
2 3
= [(01 +602)° + 2(02 + 65) + (63 + 03)" + 4(67 + 62)

+3(02 + 02)°(61 + 92)2]

That coefficient is

B((5)42) ) - re0n-

IV. VECTOR SPACES

A. Vector Space Axioms

A vector space is a set having a commutative group ad-
dition, and a multiplication by another set of quantities
(magnitudes) called afield. A fieldisaset F suchasR or
C having addition and multiplication F x F — F such that
theaxiomsinTablell holdforall x, y, zandsomeO, 1inF.
The standard example of a vector spaceisthe set v, of
n-tuples of members of F. Let (X1, X2, ..., Xn), (Y1, Y2,
. Yn)EVn. The (X1, X2, ..., %n) + (Y1, Y2, ..., ¥n) =
(X1 + Y1, X2+ Y2, ..., Xn + Yn) and multiplication by c
isgiven by c(xy, X2, ..., Xn) = (CXz, CXa, ..., CXn) Where

TABLE Il Field Axioms

Operation
Property Addition Multiplication
Commutative X+y=Yy+X Xy = yX
Associative xX+y)+z=x+(y+2 (xy)z=x(y2)
Identity Forall xeF,x+0=0 Foral xeF,x1=x
Inverse For all x € F, there exists For al x e F (x #0),
—x such that x + (—x) = 0 there exists x 1
such that xx =1
Distributive X(y+2)=xy+xz

ceF. For F=R, v; is the set of vectors consideered in
physics. These can be regarded as positions (displace-
ment), velocities, or forces. Each adds in the prescribed
way.

A genera vector space is a set v having an addition
v x v— v and ascalar multiplication F x v — v such that
(v, +) is a commutative group and for al a,beF, v,
wev;a(v+w)=av+aw, (a+b)v=av+bv, (ab)y =
a(bv), and cv=v, where c=1€F. Incidentally, F is
called the field of scalars, and multiplication by its ele-
ments scalar multiplication.

B. Basis and Dimension

The span (S) of asubset Scvis{aySsi+axs+---+
ansy i neZt, s €S, a €FluU{0}. The lements a;s; +
S +---+ays, ae caled linear combinations of
S1, S, ..., Sh. A sumof two linear combinationsisalinear
combination and amultiple by ¢ € F of alinear combina-
tion is a linear combination. A subset of a vector space
closed under addition and scalar multiplicationiscalled a
subspace. Therefore, the span of any set is a subspace.

A subspace is avector spacein itself. Its span isitself.
It follows that (S) liesin any subspace containing S.

An indexed family t,, @ € | of vectorsis said to belin-
early independent if t, is not alinear combination of t,,
a#y andnot, =0for al y. Otherwise, it is called lin-
early dependent. A set of vectors W islikewise said to be
linearly independent if for all x e W, x ¢ (W\{x}).

A basis for a vector space is a linearly independent
spanning set for the vector space. A chain in aposet is a
subset that is linearly ordered by the partial order. Zorn’s
lemma states that in aposet X in which every chain hasa
maximal element there is a maximal element of X. Take
X to be the family of linearly independent setsin v. Every
chain hasitsunion as an upper bound. A maximal linearly
independent set therefore exists. It is a basis. Therefore,
every vector space has abasis.
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A linearly ordered setiswell ordered if every nonempty
subset has aleast element. Using Zorn’s lemmait can be
shown that every set can be well ordered. From every
set {X,} of vectors where the index set is well ordered
we can pick a subset {x,} that is linearly independent
and spansthesameset. Let B ={x, : X, & ({X, o <y })}.
Then no element of B is linearly dependent on previous
vectors. But if some element of B were linearly depen-
dent, let y=Xa; X, & #0. Let x, bethelast of the x; in
the ordering. Then x, = (1/an)(y — Zizn & %) islinearly
dependent on previous vectors. Thisis a contradiction.

Two bases for a vector space have the same cardinal
number. For finite bases uq, Uy, ..., Up, V1, V2, ..., Um
let m<n. Expressions u; = Xajv; exist since ({vi}) =
{{u;}). Since m < n, we can find anonzero solution of the
m linear equations X wia;; =0, j =1tominn variables
wi. Then Twiu; =0, notall w; = 0. Thiscontradictslinear
independence of the u;.

The cardinality of a basis for a vector space is called
the dimension of the vector space.

For vector spaces v, w a homomorphism (isomor-
phism) is a (1-1 and onto) function f:v— w such
that f(x+y)= f(x)+ f(y) and f(cx)=cf(x) for al
X, y € v, c e F. If two vector spaces over F have the same
dimension, choose bases u,, v, for them. Every element
of v has a unique expression Xa; u;, U; € {u,}, and every
element of w has a unique expression Xa; vi, vi € {vg}.
Therefore, f(Xau;)=Xa v defines an isomorphism v
to w. Conversely if two vector spaces are isomorphic,
their dimensions must be equal sinceif {u,} isalinearly
independent (spanning) set for v, {f(u,)} will be a
linearly independent (spanning) set for w.

C. Linear Transformations

A linear transformation is another phrase for homomor-
phism of vector spaces. To every subspace w of a vec-
tor space v is associated the quotient space v/w. Thisis
the set of equivalence classes of the equivalence relation
X —y e w. Transitivity followsfrom (x — y) + (y — 2) =X
—zewifx—y,y—zdo. If x—yew, u—vew, then
(X +u) — (y + v) € w. So addition of eguivalence classes
iswell defined; so is scalar multiplication since a(x — y)
ew if x — y does.

The quotient space, additively, is the same as the quo-
tient group. Let {s, } be abasisfor w. We can find abasis
for v of theform {s,} U {t;}, where{s,} N {t.} = 9. Let q,
beawell-ordered basisfor v. Deleteeach g, that islinearly
dependent on prior g, together withthes, . Theremaining
set with s, is aspanning set and is linearly independent.
Thisisabasisfor v, which contains a basis for w.

Let {s,} U {t,} denote the resulting basis. Since every
element of w hastheform Za;s + Zhbt; it will be equiv-
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dentto Xb;t;. Notwo distinct sums X b; t; can have differ-
ence anonzero sum xa;§ so the classes of t; arelinearly
independent in v/w. Therefore T, gives abasisfor v/w.

The external direct sum of two vector spaces v, w is
v x wwithoperations(vy, wi) + (v2, w2) = (v + v2, w1 +
wy), and c(v, w) = (cv, cw). It has as basis the digoint
union of any bases for v, w. It is denoted v & w. There-
fore, if wCv, v is isomorphic to w® v/iw. Moreover,
dim(w) + dim(v/w) = dim(v), where dim(v) denotes the
dimension of v.

A complement to a subspacew C v isasubspaceu C v
suchthatuNw={0},u+w=v,whereu+w={U+w:
ueu, w € w}. Every subspace has a complement by the
construction abovewithu = ({t, }). Themapping Za;t; —
>af; givesanisomorphism u — viw.

For a linear transformation f :v— w, the image set
Im( f) andthenull space (kernel) Nu(f)={vev: f(v)=
0} are both subspaces. Results on group homomorphism
imply that f givesanisomorphism f : v/Nu(f) — Im(f).

A linear transformation is 1-1 (onto) if and only if
Nu(f)=0(Im(f)=w). Thedimensionof Im(f)iscalled
therank of f.

Choosebases x;, Vi, z for vectorsspacesu, v, w. Let f
be a homomorphism from u to v and g a homomorphism
v to w. There exist unique coefficients &, bj; such that
f(x)=Zajyi and g(yi)=2bz;. Then g(f(x))=
o(Zajy;) = XZajo(yj) = & Zbjkz. Therefore, the
composition geo f sends x; to Xj x&;jbjkzc. This rule
defines a product on nm-tuples &;, which must be
associative since composition of functions is. It is
distributive since f(g(x)+ h(x)) = f(g(x)) + f (h(x))
and (g -+ h)(f(x)) = g(f (x)) + h(f(x)).

D. Matrices and Determinants

Ann x mmatrix Aisan nm-tuple (a;) indexedoni =1,
2,....,n,and j=1,2, ..., m. Matrices are represented
asrectangles of elementswhere &;; isplaced in horizontal
linei (row i) and vertical line j (column j).

Addition is entrywise. The entries of both matricesin
location(i, j)areaddedtoformthe(i, j)-entry of thesum.
The (i, j)-entry of the product is formed by multiplying
row i of the first factor by column j of the second factor
entry by entry and adding all these products. For example,

ann ap | |bu be
axn axp||bx bx
|:6111b11 + apby apibio + 812b22:|

an b + apby;  axnbiy + axby

Thisisthe same as the operation defined at the end of the
last section. To multiply two n-square matrices by the
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formula requires n® multiplications and n?(n — 1) ad-
ditions. There does exist a dightly improved computer
method known as fast matrix multiplication.

Matrices obey the following laws: (1) A+ B=B + A,
(2 (A+B)+C=A+(B+C), (3 (AB)C=A(BC),
(4 A(B+C)=AB+ AC,and(5) 0+ A= A.HereOde-
notesthe zero matrix all the entries of which are 0. Itisan
additive identity.

There is a 1-1 correspondence from the set of linear
transformations from an n-dimensional vector spaceto an
m-dimensional vector space to the set of n x m matrices,
given basesin these. Asin the last subsection (a;j) corre-
spondsto f suchthat f(x) = Xa;jy;.

Consider linear transformations from a vector space
with basis {x; } toitself. Let f berepresented as (a;;). Let
{wj} be another basis, where x; = Ebijwj, wj = XCjjX;.
Then f(wj) = ECji f(Xi) = ECjiaika = chiaikbkmwm-
From wj = X¢jix = Ecjibikwk it follows that CB =1,
where | isthe matrix

100 --- 0
010 0
0 0O 1

is known as a (multiplicative) identity. It acts as a two-
sided identity | A= Al = A.Wedsohavex; = Xbjjw; =
T hjjcjkxk S0 BC = |. Therefore, B=C~1. HereC~! de-
notes the (multiplicative) inverse of C. Then, expressed
in terms of wj, f is CAB=CAC~!. Two matrices X,
Y XY~ are said to be similar.

A linear transformation T represented as (a;j) sends
XcX to Xcajyj. The matrix product (ci)(aj) is
(Xcia;). Arow (column) vector isan 1 x n(n x 1) matrix.
So the linear transformation ¥ is equivalent to that given
by matrix multiplication on row vectors. Matrices also act
as linear transformation on column vectors.

Therank of amatrix isitsrank asalinear transformation
on row vectors. Taking column vectors gives the same
number.

The image space is spanned by the rows of the matrix
since (Xici&;j) is the sum of ¢ times the ith row of A.
Therefore, the row rank is the maximum size of a set of
linearly independent rows. The ith row (column) of Ais
denoted Aj-(As).

In general, an n-square matrix X is invertible if there
exists Y with XY =1 or Y X = | .. Either equation implies
the other and is equivalent to the rank of the matrix being
n.

The determinant of amatrix A is defined to be

det(A) = Z SON(7) a1y (127 (2) - * - Bnr(n)

TESn
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where the summation is over al permutations =, and
sgn(rr) denotes the sign of w and so sgn(rr) is +1 accord-
ing to whether 7 iseven or odd. As before, a permutation
iseven or odd according to whether it is the product of an
odd or even number of transpositions. It hasthe following
properties, which can be proved in turn. Let (a;j)" denote
(a;i), called the transpose of A. This operation changes
rows into columns and columnsinto rows.

(D-1) Since sgn(o) = sgn(o 1), det(A) = det(A"),
ced,.

(D-Z) If Aj-=Bj- = G- fori 7ékand Ci = A + By,
then det(C) = det(A) + det(B).

(D-3) If therows of A are permuted by a permutation
7, the determinant of A ismultiplied by sgn(sr).

(D-4) If two rows (columns) of A are equal, then det
(A)=0.

(D-5) If any row ismultiplied by k, then the
determinant is multiplied by k.

(D-6) If A+ isreplaced by Ai- —kAj«, i # j, thenthe
determinant is unchanged.

(D-7) If 5 =0fori > j, then det(A)= ay1a - - - @nn.

(D-8) det(AB) = det(A) det(B).

(D-9) det(A)=£0if and only if A hasaninverse.

(D-10) Let AJi|j] the submatrix of A obtained by

deleting row i and column j. The (i, j)th-
cofactor of & is(—1)"*) det Afi|j] anditis
denoted asCJ[i|j]:

det(A) = Y a;Clrlj]l = ) asClils]
j=1 i=1

Property (D-1) ensures that for properties of determi-
nants stated in terms of their rows, equivalent properties
can be stated in terms of columns. These sometimes will
not be explicitly mentioned.

If follows from (D-4), (D-9), and (D-10) that if A has
an inverse

-1 1 ST
A = Gam Clm

From (D-7) and (D-8), det(l) = 1, det(A~1) = 1/det(A).

E. Boolean Vectors and Matrices

Most of the theory of the last section holds in the case
of Boolean matrices. Boolean row (column) vectors are
1 x n(n x 1) Boolean matrices. The set V, is the set of
al Boolean n-tuples, and additive homomorphisms pre-
serving O from V, to Vi, arein 1-1 correspondence with
Boolean matrices.

Matrices over a Boolean algebra or field can be mul-
tiplied or added in blocks using the same formulas as
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for individual entries (Ai;)+(Bij)=(Aj; + Bij), and
(A))(Bij) = (X AikByj). Here the set of all indices has
beenpartitionedintor subsetsS;, S, ..., § and A;j isthe
submatrix consisting of all axm suchthat (k, m)e § x §;.
Usually the numbersin each S are assumed adjacent. For
example,

12| 56|11 2] 5 6
34| 7 8||34]| 738
01 1 1|lo 1] 11
101 1|l10] 11
1 2|1 2] [5 6|fo 1
3 4|3 4|7|7 8l|1 0
_0112+1101
1 0ll3 a|"|1 1||1 0

B R |
sl bl

A block lower triangular form is one such that Aj; =0
fori < j.Every Boolean matrix can be put uniquely into a
block triangular form such that main diagonal blocks Aj;
areindecomposable or zero. Thismeans X2 A} = J, the
meatrix consisting entirely of 1 for eachi.

If the Boolean matrix isidempotent, every block in this
block triangular form consists identically of O or of 1.

A Boolean matrix isinvertibleif and only if itisthe ma-
trix of apermutation. Therow (column) rank of aBoolean
meatrix isthe number of vectorsin row (column) basis. An
n-sguare Boolean matrix is honsingular if it has row and
column rank n and it is regular. Incidentally, the row and
column rank of aBoolean matrix are not necessarily equal
when n > 4. For a nonsingular Boolean matrix, there ex-
ists an analog of the formulafor inverses. The permanent
of aBoolean matrix A is

per(A) = Z A17()A27(2) * * * Bnr(n)
TESn

A nonsingular Boolean matrix A has a unique Thierrin-
Vagner inverse given by per(A[i|j])". The theories of
Boolean matrices and semirings found more and more
applications related to computers in the 1990s such as
communication complexity and Schein rank, image pro-
cessing, and the study of parallel computation.

F. Characteristic Polynomials

The linear transformations on a vector space are isomor-
phic (as binary relations) by an isomorphism of the vector
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space if and only if their matrices are similar. Similarity
is an eguivalence relation. To describe it completely we
need a set of similarity invariants that distinguish any two
nonsimilar matrices.

The most important similarity invariant is the char-
acteristic polynomial defined by p(1) =det(rl — A). If
B=XAX"1, then

det(A ] — XAX™Y) = det(X(A] — A)X™Y
= det(X) p(1)(det(X))
= p(*)

Therefore, it is a similarity invariant. Its roots are called
eigenvalues (characteristic values, latent values).

The matrix A itself satisfies p(A) = 0. The coefficient
of A"~Lisminus X a;;. Thisquantity iscalledthetraceof A
anditisdenoted by Tr(A). Wehave Tr(AB) = Tr(B A) and
thetraceisan additive homomorphism. Thelast coefficient
is(—1)"det(A).

An eigenvector (characteristic vector, latent vector) v
of an n-square matrix is a vector such that vA=Av for
some A. There exists an eigenvector for A if and only
if v(A—Al1)=0 if and only if A—Axl has rank less
than n if and only if p(A)=0. That is, 2 must be an
eigenvalue.

V. RINGS

A. Ring of Integers

The ring of integers satisfies the following algebraic
axioms: Let x,y,zeZ. (R-1) x+y=y+x (R2)
xX+y)+z=x+(y+2); (R3) x(y+2) =xy+xz (R-
4) (Y+2)x=yx+zx; (R-5) (xy)z=x(yz) (R-6) there
exists 0 such that 04 x = x for al x; (R-7) for al x there
exists —x such that x + (—x) = 0; (R-8) xy = yx; (R-9) if
xz=yz, then x=y or z=0; (R-10) there exists 1 such
that 1- x =x for al x.

Any structure of a set with two binary operations sat-
isfying (R-1) to (R-7) iscalled aring. If (R-8) holds, it is
called a commutative ring. The sets of n-square matrices
over Z, Q, R, C sdtisfy (R-1) to (R-7) and (R-10) but not
(R-8) and (R-9). Here Q denotes the set of al rationa
numbers. A ring satisfying (R-10) is called a ring with
unit. A ring satisfying (R-1) to (R-10) iscalled anintegral
domain.

In addition the integers satisfy the properties that there
exists a set P C Z called the positive integers such that
(R-11) P isclosed under addition, (R-12) P isclosed under
multiplication, and (R-13) for all integers exactly one of
these holds: x =0, x e P, —x € P. (Obviously, P=2Z%.)
A ring satisfying theseis called an ordered ring. R but not
C isan ordered ring.
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The final axiom is the induction property (R-14): If a
nonempty set SiscontainedinPandle Sand1+xe S
whenever x € S, then S=P.

Theordinary rulesof algebrafollow from these axioms,
as(l+(-1)+1)-(-1)=0+1)-(-D=1-(-H)=-1.
Therefore, -1 4+ (—-1)(-1) + (-1)=-1,1+ (-1) +
“DED)+(ED+1=1+(-)+ 1 and (1) (—1) =1.

B. Euclidean Domains

Many properties of Z are shared by the ring of polyno-
mials over any field, and therings {a+ bi :a, be Z} and
{a+b[(14+/3)/2]i :a, be Z}. To deal with thesewe de-
fine Euclidean domains. A Euclidean domain is a ring
¢ satisfying (R-1) to (R-10) provided with a function
w(x) defined from nonzero elements of € into Z such that
(R-15) w(xy) > w(x); (R-16) for dl x, y € € there exist
g,r € ¢ such that x=qy+r, and either o(r) < w(y) or
r =0; and (R-17) w(x) > 0. For polynomials, let w be the
degree. For other cases, let it be |X]|.

In any ring with unit R, the relation x|y can be de-
fined by there exists ze R with zx =y. This relation is
transitive. If x|y, x|z, then x|y + z since y =ax, z=hx,
y+z=(a+ b)x for somea, b. If x|y then xa|ya for any
a. Since 1x=x, it is a quasiorder. It is caled (right)
divisibility.

In an integral domain, suppose y|x and x|y. Then x =
ry, y=sx for somer,s. If either is zero then both are.
Otherwisersx=ry=x=1x andrs=1by (R-9). Sor,
sareinvertible.

A greatest common divisor (g.c.d.) of aset SC € isan
element g € € suchthat g|x for all x € Sand if y|x for all
x € Sthen y|g. Any two g.c.d.’s of the same set must be
multiples of one another, and so multiplesby aninvertible
element. Let g beag.c.d. of Sand h beag.c.d. of aset
T andmbeag.c.d. of {g, h}. Thenmisag.c.d. of SUT.
Theg.c.d. isagreatest lower bound in the partial order of
the set of equivalence classes of elements of & under the
relation x ~ay if aisinvertible.

In a Euclidean domain, the Euclidean algorithm is an
efficient way to calculate the g.c.d. of two elements x, .
Assume w(X) > w(y). Let dy=X, d; =Y. Choose a se-
quence di, g for i >0 by di =i 11041 + 1o, Where
o(di12) < w(d;+1). The process terminates since w(x) is
always a nonnegative integer, and in the last stage we
have a remainder dy,» =0. Then dy,1|dk. By induction
using the equations d; =qj 1011 + diso it will divide
the right side and therefore the left side. So it divides
dl d. Alsodiy» = d — g 1041 is alinear combina
tion of di, di.; so by induction dy.; is a linear com-
bination of a, b. Therefore, if x divides a, b, it divides
dki2. Therefore, the element dy,; =ra+sbisag.c.d. of
a, b.
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When an argument is made by induction, it is under-
stood that a statement P(n) holdsfor n =1 and that there
is an argument showing that if P(1), P(2),..., P(n—1)
hold so does P(n). Let S={n € P: P(n) istrue}. Then by
the induction axiom (R-14), Sisal of P. Arguments by
induction are especially common in the theory of Z.

Thefollowing isan example of the Euclidean algorithm
for polynomials:

X+ 1=x(%+1)+(—x+1)
X2+ 1l=(—X+1)(-x—-1)+2

—x—-1
—X—-1=2
<-1=2(75)

Therefore, 2 (equivalently 1) isag.c.d. of X+ 1, x3 + 1.
We can now expressit in terms of them;

2=0°+1) —(—x+1)(-x—1)

=241 - (—x+D(x+1)
2=0C+ D)+ ((x¥+1) — x(x3+1))(x+ 1)
2=0C+D+X+D0C+1) —x(x+ D>+ 1)
2=(1-x—X)0C+ D+ x+DX+1)

In the second step, we substituted x3 + 1 — x(x2 + 1) for
—Xx+1

By induction there is a g.c.d. of X3, Xo, ..., Xk that is
linear combination s;x; + SHXo + - - - + Xk of them. If
we multiply by invertible elements, we obtain such an
expression for any g.c.d.

If a isinvertible, then w(ab) < w(b) and w(a=tab) <
w(ab), sothetwo areequal. Conversely, if w(ab) = w(b), b
#0,be €, then a is a unit [divide b by ab; if w(r) <
w(ab) = w(b) we have a contradiction].

From this we can establish the basic facts of prime fac-
torizations. An element p < € is caled prime if it is not
invertible but whenever p=xy one of x, y isinvertible.
It follows that for any a if plathen the g.c.d. of p,ais
invertible.

Suppose 1isag.c.d. of c,a. Let 1=ar +cs. If c|ab,
then clabr + cbs=b. Therefore, if p, a prime, divides
Xy, it divides x or y. To factor an element y of € into
primes choose a divisor x that has minimal w(x) among
nonivertibleelements. If x = ut and u isnot invertiblethen
o(U) =w(x) andsot isinvertibleand so x isprime. Since
x isnotinvertible, w(y/x) < w(y). So after afinite number
of prime factors the process ends.

By inductionwecanshowthat if pisaprimeanddivides
V1Yo - - - Yk, then p divides some y;. From this it can be
proved that if a= p1pz- - Pm =010z - - - O, Where pi, G
are primes, then n =m and the g; can be renumbered so
that p; = u;iqi, whereu; isinvertible. Since p; |01z - - - On,
p. divides some q;. Labdl it g;. Since both are primes,
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p1 =0z. This reduces n, m by 1 and the process can be
repeated.

C. Ideals and Congruences

A ring homomorphismisafunction f : .8 — © satisfying
f(x+y)=f(x)+ f(y) and f(xy)= f(x)f(y). That is,
it isasemigroup homomorphism for multiplication and a
group homomorphism for addition.

The following are examples of ring homomorphisms.
(1) The mapping from n-square matrices to m-sguare ma-
trices for m > n, which adds to a matrix m — n rows and
columnsof zero. (2) Themapping f : Z — Z,,,, f(X) =X.
For any tworingsR, © aproductring R x & isdefined by
operations (a, b)+(c,d)=(a+c,b+d), (a, b)(c,d)=
(ac, bd). (3) The mapping R x © — R sending (a, b) to
a (or b) is aring homomorphism. (4) For any complex
number c, the evaluation f (c) is a homomorphism from
thering of all functions f : C — C into C itself.

A subring of a ring is a subset closed under addi-
tion, subtraction, and multiplication. An ideal is a sub-
set S of aring R closed under addition and subtraction
(if x,ye S, thenx —ye S)and suchthat if ze R, x e S,
then xz, zx € S. The set of even integersisan ideal in the
set of intergers.

A congruence on aring fR is an equivalence relation
x~ysuchthatforalaeRif x~ythenx+a~y+a,
xa~ya, and ax ~ay. For any congruence R if x ~y,
z~wthenx+z~y+z~y+w andxz~ yw. Then ad-
dition and multiplication of equivalence classes X + y =
X+ Y, Xy =Xy arewell defined and give aring called the
quotient ring. The function x — X is a homomorphism.

Thereisal1-1 correspondence between ideal s and con-
gruences. To a congruence associate the set x ~ 0, which
isanidea . Then the congruence is defined by x ~ vy if
and only if x4+ (—=y) ~y+ (—y) =0. Therefore, x ~ y if
and only if X —y € &. Every ideal in thisway determines
acongruence.

Theequivalenceclasseshavetheformx + S={x+m:
m € 3}. The quotient ring is denoted R /<.

All idealsin theintegers—in fact, al subgroups—have
the form mZ = {mx : x € Z}. The congruence associated
with these is a=b(mod m) if and only if a—b=km
for some k. By the general theory, such congruences can
be added, subtracted, multiplied, or raised to a power.
Congruences can sometimes decide whether or not equa-
tionsare solvablein whole numbers. For example, x2 + y?
+ 7> =w isnot possibleif w = 7(mod 8). To prove thisit
can first be noted that x?> = K (mod 8) where k=0, 1, 4,
and no three elements of {0, 1, 4} add to 7(mod 8). The
ring of al polynomialsin avariable x having coefficients
in a field K is denoted K[x]. As a set it is a subset of
a Cartesian product of countably many copies of K, se-
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guences (ag, as, - . .) such that only finitely many g are
nonzero. The g arethe coefficients of the polynomial and
multiplication can be defined by (an)(bn) = (= a bt ).

Init or any Euclidean domain, &l ideals have the form
{f(X)y:yeK[x]} for some polynomia f(x). Given an
ideal <, take a nonzero element f(x) in it such that
w(f (X)), the degree, isminimal.

If f(x)isanother element of theideal, chooseq(x), r (x)
such that r(x)=0 or wo(r(x)) <w(f(x)) for g(x)=
f(x)g(x) +r(x). Thenr (x) = g(x) — f(x)q(x) € & since
g(x), f(x)do.Sow(r(x)) < w(f(x))contradictsminimal-
ity of w(f(x)). Sor(x)=0. So every element in & isa
multiple of f(x). Conversely multiples of f(x) belongin
S sinceit isan idedl.

Idedls of the form afi = {ax : x € R} are called princi-
pal, and a is said to be a generator. Therefore, Euclidean
domains are principal ideal domains, that is, integral do-
mainsin which all ideals are principal.

In al principal ideal domains, all elements can be
uniquely factored in terms of primes and invertible el-
ements. Let R, where me Z is not divisible by the
square of aprime denote {a+ [b(1++/m)/2] :a,be Z} or
{a+bsy/m: a, b e Z} according to whether m= 1(mod 4)
ornot. If 0 < m < 25,thenfR,,, isaprincipal ideal domainif
andonlyif m# 10, 15.1f —130 < m < O, thenR,,, isaprin-
cipal ided domain if m=-1, -2, -3, -7, —11, —19,
—43, —67. (Thisisaresult proved by techniques of alge-
braic number theory.) Unique factorization does not hold
infR,, if itisnot aprincipal ideal domain.

For noncommutative rings, there are separate concepts
of right and | eft ideals. A subset Sof aring 2R closed under
addition and subtractionisaleft (right) ideal if and only if
axe S(xae S)fordl xe S, aefR. Thering of n-square
matrices has no (two-sided) ideals except itself and zero
but for any subspace W, &={M € M,(F) : vM e W} is
aright ideal. A proper ideal is an ided that is a proper
subset. The trivial ideal is {0}.

Suppose aring R has not all products zero and has no
proper nontrivial right ideals. If ab # 0 for some b, then
{x:ax =0} is aproper right ideal and is therefore zero.
The set {ax} is a nonzero right ideal and is therefore fA.
So multiplication on the left by a is 1-1 and onto.

Let ={a:ab=0for al befR}. Then & is aproper
right ideal and is therefore 0. So for all a0 left multi-
plication by ais1-1 and onto. Soif ab=0, thena=0or
b=0.

For any a # 0 since {ax} =R, there exist <, a~* such
that ac =a,aa! = . Then for any x e R, ae.x =ax.
S0 X =X since left multiplication is 1-1. From ab#0
fora#£0,b+£0, it followsthat right multiplication is also
1-1. Since XeX = XX and Xe =X, e IS an identity. From
aa la=ca=a=ae, it followsthat a—* is an inverse of
a. Therefore, in MR, al nonzero elements have inverses.
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A ring with unit in which all nonzero elements have
inverses is called a division algebra. The best known di-
vision algebra that is not a field is the ring of quater-
nions. As a s, it is Rx Rx RxR. Elements are
written as a+bi+cj +d £ Expressions are multiplied
by expanding and using the rules # = > = 2 =—1,
p=kjpk=gki=jji=—kkj=—Lik = — Any
multiplication defined from a basis by expanding terms
is distributive. The multiplication on basis elements and
their negative +1, &, & j, & kisafinite group of order 8.
Thisimplies associativity.

D. Structure of Z,

Thering Z,, isthering of congruenceclassesmodulon. Itis
thequotientring Z/S,,, where &, = {nx : x € Z}. For any
quotient ring R/, ideals of the quotient ring arein 1-1
correspondance with ideals of 93 containing . An ideal
S DS, if and only if min. Sotheidealsof Z, arein 1-1
correspondence with positive integers m dividing n. The
ring Z, has exactly n elements, since each integer x can
be expressed asnk +r for auniquer €{0,1,...,n— 1},
and then x =r (mod n). It has a unit and is commutative.

Two elementsof anintegral domain arecalled relatively
primeif Lisag.c.d. of them. If x, n are relatively prime,
then rx+sn=1 for somer and s. Thus, Frx=1 so x
isinvertible. Conversely, if Fx =1, then rx —1=sn for
somes, and lisag.c.d. of x and n. Thus, the number of
invertible elements equals ®(n), the number of positive
integers m < n that are relatively primeto n.

The Chinese remainder theorem assertsthat if all pairs
of ny, Ny, ..., Ny arereatively primeanda € Z,i =1to
m, then there existsx € Z and x =a;(mod n;) fori =1to
m. Any two such x are congruent modulo nyn; - - - Np,.

The set of invertible elementsis closed under products
since (xy) ! = y~1x~! and containsinverses and identity,
so it forms a group for any ring. Here it is a finite group.
For any invertible element x, the elements 1, x, ..., xk1
form a subgroup if k isthe order of x. By the Lagrange’s
theorem, the order of any subgroup of agroup dividesthe
order of the group. Therefore, k|®(n). From xk =1, fol-
lowsx®™ = 1. Thisprovesatheorem of Euler and Fermat.
For any x € Z,, if x isinvertible, then x®(™ =1.

If pisprime then1,2,...,p—1 are dl relatively
prime to p, so ®(p)=p—1, and xP~1=1(mod p) if
x % 0). Then xP =x(mod p) for al x e Z,. Assume p is
prime for the rest of this section.

Themultiplicativegroup Z; = {X # 0:xeZ,}isacom-
mutative group of order p— 1. Thering Z, isafield since
Z; isagroup. Polynomials over Z, can be uniquely fac-
tored into primes.

Overany field K, if apolynomial p(x) satisfies p(k) =0,
wherek € K, thenlet p(x) = (x — k)q(x) +r . By substitu-
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tionx =kwefindr =0. Soif p(k) =0, then (x — k)| p(x).
Thus, apolynomial of order n cannot havemorethann dis-
tinct roots since each root gives a degree 1 factor (x — k).

The polynomial xP~* —1 has exactly p—1 roots in
Z, thatis, 1,2,..., p—1 Thus, itfactorsasc(x — 1) - - -
(x — (p — 1)). Since the, coefficient of xP~1is 1, we have
c=1.Thepolynomia x" — 1dividesxP~* — 1forr|p—1,
so by unique factorization it factorsinto linear factors and
hasexactly r roots. For any prime power rt dividing p — 1
take aroot y, of X' =1, which is not aroot of x' = 1.
Theny; hasorder precisely rt. Taket maximal. The prod-
uct u of all y; will have order the least common multiple
of rt, whichis p— 1. Therefore, u, U?, ..., uP~! are dis-
tinct and are all of Z; sinceit has exactly p — 1 elements.
This proves Z; is cyclic. Therefore, it is isomorphic to
(Zp—l’ +)-

In Z, for m|n, an element y is a multiple of m if and
only if (n/m)y =0. Therefore, in Z;, an element y is an
mth power for m| p — 1if and only if y(P~1/™ = 1(mod p).
The mth powers form a multiplicative subgroup of order
(p—1)/m.

E. Simple and Semisimple Rings

A ring iscaled simpleif it has no proper nontrivia (two-
sided) ideals. A commutative ssimple ring is a field. It is
simplest to treat the case of finite dimensional algebras.
Analgebraover afield F isaring 23 provided with amulti-
plication F x 2 — MR suchthat (1) (ax)y = a(xy) = x(ay)
foral aeF, x, yeR; and (2) R isavector space over F.
The quaternions, the complex numbers, and thering of all
functions R to R are al algebras over R.

A division algebrais an algebrathat is adivision ring.
Division algebras can be classified in terms of fields. A
field F is caled algebraically closed if every nonzero
polynomia p(x) = apx" + ayx" 4 .- +ax% a €F,
a#0,n£0hasarootr € F. Suppose we haveadivision
algebra © over an agebraicaly closed field F of finite
dimensionn.Letae®.Thenl,a,...,a"aen+1ele
mentsin an n-dimensional vector space so they cannot be
linearly independent (they could be extended to a basis).
So some combination p(a)=co+cia+ --- +cya" =0.
Choose the degree of p minimal. Let deg(p) denote
the degree of p. If Deg(p) > 1, then p can be factored
over F. Each factor is nonzero evaluated at a, but their
product is zero. This is impossible in a division alge-
bra where nonzero elements are invertible. Therefore,
Deg(p)=1, so co+ca=0, asacF. So D=F. Any
such division algebra coincides with F. This applies to
F=C.

A finitedimensional F-algebraissimpleif and only if it
isisomorphictothering M, (®) of n-square matrices over
D®. More generaly, every ring having no infinite strictly
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decreasing sequence of distinct left ideals (Artinian ring)
that issimpleisan M (D).

A finite dimensional F-algebra 2l is called semisimple
if asavector spaceitisaninternal direct sum of minimal
right ideals ;. This means every x € 2 can be uniquely
expressedas T x;, X € & ;. Leftidealscan equivalently be
used.

Thisisequivalent to any of thefollowing conditions. (1)
Themultiplicativesemigroup of R isregular; (2) every left
ideal of 2l isgenerated by anidempotent; and (3) 2( hasno
two-sided ideals & such that ™ = {X1Xo - - - Xm : X;j € &}
is zero for some m. Ideals & such that 3""=0 are called
nilpotent.

A finite dimensional semisipmle F-algebra is isomor-
phic to adirect sum of rings M, ().

If & and & are nilpotent two-sided ideals, sois S+ S
since (3 + 3)?" c 3"+ 3" Thisimpliesthat every finite
dimensional algebra has a maximal two-sided nilpotent
ideal, the Jacobson radical, and its quotient ring by this
idedl is semisimple.

All finite division rings are fields.

F. Group Rings and Group Representations

A groupring of agroup G over aring R isformally the set
of al functions f : G — R suchthat |{g : f(g)#O0}| isfi-
nite. Multiplication is given by (fh)(X) = Xy, f (Y)h(2)
and addition is the usual sum of functions. Distributivity
follows from the linear form of this expression. Asso-
ciativity follows from {(u, v, w) : uv =y and yw = x for
somey} = {(u, v, w) : vw =z, uz= x for somez}. Infact,
semigroups also have semigroup rings.

The group ring can be thought of as the set of al sums
rigs + ro@e + --- + rpgn of group elements with co-
efficientsin R. For coefficientsin Z, we have, for instance,

(29 +¢)(3e — 29) = 3 — 29 + 60 — 492 = 3o + 49 — 49°.

A representation of a group G is a homomorphism
h from G into the ring M,(F) of n-sguare matrices
over F. Two representations f, h are called equivalent if
there exists an invertible matrix M € M (F) with f(g) =
Mh(g) M~ for all g € G. Thisisan equivalence relation.

Every representation f of agroup G defines aring ho-
momorphismh : F(G) — Mu(F) by h(Zr;gi) = Zr;h(gi)
such that h(1) = | where | isan n-square identity matrix.
This is a 1-1 correspondence since if h is aring homo-
morphism h(g) gives a group representation.

For F = C, every group representation isequivalent to a
unitary representation, that is, one in which every matrix
f(g) satisfies f(g) f(g)*™ = |. Here * is complex conju-
gation. Define a modified inner product on row vectors
by b(x, y) = Sgxf (g)(yf (9))*". Then b(x, y) = b(xf (h),
yf(h)) for h e G since multiplication by h permutes the
group elements g and so permutesthetermsinthesum. We
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have b(x, x) > 0 and b(x, x) =0 only if x =0 since each
term will be a vector vv*T = X [v?|. We can inductively
choose a basis u; for row vectors such that b(u;, u;) =1,
b(ui, uj)=0if i # j. In this basis, let u; f(g) = Zukay .
Then b(ui, uj) =b(Zukawi, Tukayj) = Zay; ai b(uk, Uk)-
So Xajaq =1, 0 according to whether i =j or i #j.
This proves the matrix is now unitary.

For F=R, essentialy the same can be done. A real
unitary matrix is called orthogonal. Orthogonal matrices
are geometrically products of rotations and reflections.

G. Modules

A module differs from avector space only in that thering
involved may not beafield. A left (right) SR-moduleisaset
¢ provided with a binary operation denoted as addition
and amultiplication R x ¢ — Ve (V¢ x R — ), where
R is aring such that the axiomsin Table |1l hold for al
X, ye,r, se R, and some 0 < IN.

For group representations, we consider only unitary
modules, thoseinwhich 1x = x for al x € Mt. Henceforth,
we consider left modules.

A homomorphism of modulesisamapping f : ¢ — R
such that f(x+y)= f(x)+ f(y) and f(rx)=rf(x) for
al x,yeIk, and r e R. A submodule of I is a subset
closed under addition, subtraction, and multiplication by
elements of M. For any submodule 9t C I, the equiva
lencerelation x ~ y if and only if x — y € 9 isamodule
congruence, that is, x +z~y+z rx~ry for al ze I,
r € R. Then the equivalence classes form a new module
called the quotient module.

Modules are atype of agebraic action, that is, a map-
ping G x S— S for a structure G and set S. Figure 8
classifies some of these.

Direct sumsof modulesaredefined asfor vector spaces.
Unlike the vector space case not every finite dimensiona
module over a general algebra is isomorphic to a direct
SUMRBRDHRD --- PR of copies of R (with operations
from R). If aring is an F-algebra, all modules over it are
vector spaces and this determines their dimension.

TABLE Il Module Axioms

L eft module

Right module

X+Y)+z=x+(y+2)

X+0=x

Ox=0

There exists —x such that
X+ (—x)=0for al x

r(X+y)=rx+ry

(r +s)X=rx+sx

r(sx) =(rs)x

(X+Y)+z=x+(y+2)

0+x=Xx

x0=0

There exists —x such that
X+ (—x)=0for al x

X+ y) =xr +yr

X(r +S)=Xr +xs

(xs)r =x(sr)
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Semigroup actions

T~

Module Group action

Group representation

FIGURE 8 Algebraic actions.

Vector space Ideal

There is a 1-1 correspondence between equivalence
classes of representations in M,(F) and isomorphism
classes of modules over F(G) of dimension n, where F(g)
is the group ring of G over F. For any group representa-
tion, the set of column vectorsis aleft module over F(G)
with action given by (¢ gi)v = X ¢ h(g;)v. For any mod-
ule of dimension n, the group action gives a set of linear
transformations of a vector space. If we choose a basis,
the matrices of these linear transformations give a group
representation.

H. Irreducible Representations

A moduleis called irreducibleif it has no proper nonzero
submodules. Suppose It C ¢, where M, N are finite
dimensional F(G)-modules. Then there exists a vector
space complement V of ¢ in 9t. Then there is a natural
isomorphism f :V — ¢/9t of vector spaces. Consider
f=1: /N — VM. Assume |G| #£0inF (if FisR or
C, for instance). Let

1
IS > gt Hgx)

Then h(gx) = gh(x), so h isamodule homomorphism. If
welet hy be h : /9t — I composed with the quotient
mapping Nt — D¢/, h, istheidentity sincethe summand
g1 f X(gx) = f ~1(x) because we have amoduleisomor-
phism. So h is 1-1. Itsimage has dimension Dim(V) and
intersection {0} with 3t since h; is 1-1. Thustheimage of
h gives a module isomorphic to ¢/t whose intersection
with 9t is {0}. Then M~ N @ Im(h), where Im(h) isthe
image of h.

Therefore, all representations are direct sums of irre-
ducible modulessincewe canrepeatedly expressamodule
as adirect sum.

If we regard right ideals as modules, the group ring is
then a direct sum of irreducible left ideals. These ideals
are minimal. Their number is at most the dimension of
R(G). Therefore, R(G) is semissimple and is isomorphic
to a direct sum of matrix rings M,(®). If F=C, then
® = C soitisisomorphic to adirect sum of rings M (C).

For any irreducible module 9t, let 0 # x € 9t. The map-
ping ¢ g — ¢ g gives a mapping R(G) to . This
must be nonzero on some left ideal ¢ in a given direct

h(x) =
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sum decomposition R(G) = & ;. The mapping D¢ — N
haskernel aproper submodule and image anontrivial sub-
module. So by irreducibility it has kernel zero and image
Jt. Therefore, every irreducible module is isomorphic to
amember of the finite set {J;}.

Further use of these facts gives the basic facts about
group representations such as orthogonality for group
characters. The character of a representation is the func-
tion assigning to each group element g the trace of the
matrix h(g).

VI. FIELDS

A. Integral Domains

Anintegral domainisacommutativeringwith unit having
cancellation. Any subring of a field must be an integral
domain.

Conversely, let 93 be anintegral domain. We construct a
field, thefield of fractionscontaining . Let S= R x (R\
{0}). Weconsider (a, b) € Sasa/b. Therefore, sincea/b =
c/dif ad = bc, wedefinean equivalencerelation by (a, b)
~(c,d) if and only if ad =bc. Transitivity follows for
(a, b)~(c,d)~ (e, f) since we have ad =bc, cf =de;
therefore, adf =bcf =bde. By cancellation of d#0,
af =be. The relation is a multiplicative congruence if
we define products by (a, b)(c, d) = (ac, bd). This shows
that eguivalence classes can be multiplied under this
definition.

Addition is defined by (a, b) + (c, d) = (ad + bc, bd)
by analog with ordinary fractions. A computation shows
that the equivalence relation is also a congruence with re-
spect to addition and that associativity and distributivity
hold. The elements (0, 1) and (1, 1) are additive and mul-
tiplicative identities. A nonzero element (a, b) hasthe ad-
ditiveinverse (—a, b) and the multiplicative invese (b, a).
Therefore, the set of equivalence classesis afield.

If PR is the ring of polynomials over a field K in one
variable, then the field is the field of rational functions.

B. Fields and Extensions

Let (Fy, %,0) be a field. A subset F, of F, is acaled
a subfield F; if the elements of F, form a field under *
and 0.

The rings (Z,, +, -), where p is a prime number and
(Q, +, ) are fields. Let F be any field. If no sum of
nl=Q+1+ --- +1) is zero, then Q is isomorphic to
the subfield {n1/m1: =0} of F. If n1=0 wheren is
minimal, n must be a prime p; else we would have zero
divisors (p1)(ql) =0. Then Z, = {n1} isasubfield of F.

Let E, F befields. If F C E, then E iscalled an extension
of F. All fieldsare extensionsof Q or Z,. Thefield Eisa
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vector space over F. Thedimension of E over F isdenoted
[E : F] andis called the degree of the extension.

Suppose F C E C D. Let x; beabasisfor E over F and
yi abasisfor D over E. Then every element of D can be
written uniquely as ¢ Vi, ¢ € E, and in turn this can be
writtenuniquely as X(fijx;j)yi, fij € F.Sox;y areabasis
and[E:F][D:E] =[D:F].

Let E bean extension of F and lett € E. Then F(t) de-
notesthe subfield of E generated by F, that is, all elements
of E that can be obtained from elements of F, t by adding,
multiplying, subtracting, and dividing.

Suppose E is a finite dimensional extension of degree
n. Let x denote an indeterminate. Then the elements 1, t,
t2,...,t" are n+ 1 elements and so are linearly depen-
dent. Thensomesum X" a;t' = 0. Wecan choosen mini-
mal and assumeby dividingby a, thata, =1.1fa, =1, we
say that a polynomial is monic. We then get a polynomial
p(t) = 0 of minimal degree called the minimal polynomial
of t.If f(t) =0forany other polynomial f (x), divide p(x)
into f(x). Thenr(t)= f{t)—q(t)p(t)=0. If r(x) £0it
would have lower degree than p(x) by minimality. There-
fore, p(x) divides every other polynomial f(x) such that
f(t)=0.Alsoby minimality 1, t, t?, ..., t"~Larelinearly
independent. The polynomial p(x) must also be prime;
elseif p(x) =r(x)s(x) then one of r(t), s(t) = 0. Prime
polynomials are called irreducible.

We next show that 1,t,t2,...,t" 1 are a basis for
F(t). They arelinearly independent. Sincet" = Einz‘ola;t”,
" = 2" Jait'+], every power of t can beexpressed asa
linear combination of 1,t,t2, ..., t""1. Therefore, their
span is a subring. Suppose f(t)#0. Then p(x) does
not divide f(x). Since p(x) is prime, 1 is a g.c.d.
of p(x), f(x).Forsomer(x), s(x), r (x) p(x) + s(x) f (x) =
1. So s(t) f(t) =1 and s(t) is an inverse of f(t). There-
fore, the span of 1,t,t2, ..., t" 1 is closed under divi-
sion and is afield. So it must be the field F(t) generated
by t.

There exists ahomomorphism h from the ring of poly-
nomials F[x] to F(t) defined by h( f (x)) = f (t). Fromthe
usual laws of algebra it is a ring homomorphism that is
also onto.

The kernel is the set of polynomials f(x) such that
f(t) =0. We have aready shown that this is the set of
polynomialsdivisible by p(x), or theideal p(x)F(x) gen-
erated by p(x).

Therefore, in summary of these resullts, let p(x) be the
minimum polynomial, of degreen, of t. Then[F(t) : F]=n
with basis 1, t,t2, ..., t""1. The field F(t) isisomorphic
to the quotient ring F[x]/ p(x)F[X], where F[x] isthering
of al polynomialsin an indeterminate x.

Conversely, let p(x) beamonicirreducible polynomial.
Then we will show that F[x]/p(X)F[x] is an extension
field of F in which t =X has minimum polynomial p(x).
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For any f(x) suchthat f (X)# 0, therewill existr (x), s(x)
such that r (x) f (x) + s(x) p(x) =1 since f, p have g.c.d.
1. So f(t) has an inverse r(t) and the quotient ring is a
field.

C. Applications to Solvability
and Constructibility

The problem of solving quadratic equations goes at |east
back to the Babylonians. In the ninth century, the Muslim
mathematician Al-Khwarismi gave a version of the mod-
ernquadraticformula. Inthemid-sixteenth century, Italian
mathematicians reduced the solution of a cubic equation
to the form

x24+mx=n

by dividing it by the coefficient of x* and making a sub-
stitution replacing x by some x — c. They then solved it
as

X=a-—->b

a= (/2 + /27 + (/37

b= J/—~(n/2) + /27 + (/3.

They proceeded to solve quartic equations by reducing
them to cubics. But no one was able to solve the general
quintic using nth roots and in 1824 N.H. Abel proved this
isimpossible. E. Galoisin his brief life proved this also,
as part of ageneral theory that appliesto al polynomials.
Thisis based on field theory, and we describe it next.

In the extensions F(t), one root of a polynomia p(t)
has been added, or adjoined, to F. Extensions obtained by
adding all roots of a polynomia are called normal exten-
sions. The roots can be added one at atime in any order.

Finite dimensional normal extensions can be studied by
finite groups called Galois groups. The Galois group of a
normal extension F C E isthe group of all field automor-
phisms of E that are the identity on F. It will, in effect,
permutetherootsof apolynomia whoserootsgeneratethe
extension. For example, let F = Q(¢) and let E =F(v/2),
where & = (—1 + i+/3)/2. Then an automorphism of E
existstaking v/2 — £/2, E5/2 — £2(J/2), £2(32) — /2.
The Galois group is cyclic of order 3, generated by this
automorphism. Sincetheratio & of two rootsgoestoitself,
itistheidentity on Q(§).

Theorder of the Gal oisgroup equal sthe degree of anor-
mal extension. Moreover, there is a 1-1 correspondence
between subfields F ¢ K C E and subgroups of H C G,
the Galois group of E over F. To asubgroup H isassoci-
ated thefild K={xeE: f(x)=xfor al f e K}.

A splitting field of a polynomial p over afield F isa
minimal extension of F over which p factorsinto factors
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of degree 1. Itisanormal extension and any two splitting
fields are isomorphic.

Suppose a polynomial p is solvable by radicals over
Q. Let E bethe splitting field of p over Q. Each time we
extract aradical the roots of the radical generate anormal
extension F, of aprevious field F,. Let E;=F, N E. Then
F, over F, has cyclic Galois group, so E, over E; does
aso.

Itfollowsthat thereexist aseriesof extensionsQ =Dg C
D; C --- ¢ D, =E each normal over the preceding such
that the Galois group of each over the other is cyclic. It
follows that the Galois group G has a series of subgroups
Gh={e}Cc G 1 C -+ € Gg= G suchthat g; isanormal
subroup of G;_; with cyclic quotient group. Such agroup
is called solvable.

Thesymmetric group of degree5 hasasitsonly nontriv-
ial proper normal subgroup the alternating group whichis
simple. Therefore, it is not solvable. If F(x) is a degree
5 irreducible polynomia over Q with exactly two non-
real roots, there exists an order 5 element in its Galois
group just because 5 divides the degree of the splitting
field. Complex conjugation gives a transposition. There-
fore, the Galois group is ¥s. So polynomials of degree 5
cannot in general be solved by radicals.

Conversely, it istruethat every normal extension E C F
with cyclic Galois group can be generated by radicals. It
can be shown that there is a single element 6 such that
E = F(9) (consider al linear combinations 6 of abasisfor
E over F, and there being a finite number of intermediate
fields).

Let the extension be cyclic of order n and let t
be such that t"=1 but no lower power. Let the au-
tomorphism g generate the Galois group. Let t =6 +
g(®)+ --- + 7" 1g"~1(6). Then t has n distinct
conjugates (assuming 7 € F) g'(0)+tg @)+ --- +
T"=1g"-1+ (9) and so itsminimum polynomial has degree
n. Since g(t) = r~(t), the lement t" = a isinvariant un-
der the Galoisgroup and liesinF. S06, g(9), ..., g"~%(8)
liein the splitting field of x" = a, which must be E.

Geometric constructions provide an application of field
theory. Supposewearegivenaunit linesegment. What fig-
ures can be constructed from it by ruler and compass? Let
the segment be taken as a unit length or the x axis. Wher-
ever we construct a new point from existing ones by ruler
and compass it is an intersection of aline or circle with
alineor circle. Such intersectionslead to quadratic equa-
tions. Therefore, if apoint P is constructible, each coor-
dinate must be obtained from rational numbers by adding,
subtracting, multiplying, dividing, or taking sguare
roots. Such quantities lie in an extension field of EC Q
such that there exist fields Eg=Q CE;C --- CEx=E
and E,=E,_;(va) for acE,_;. The degree of
[E:Q]=[E,:E,—1]---[E;:Ep] isapower of 2.
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Therefore, if x isacoordinate of aconstructible point, x
liesin an extension of degree2", infact anormal extension
of degree 2". But if [Q(X) : Q] has degree not a power of
2, thisisimpossible since [E: Q] = [E: Q(X)][Q(X) : Q].

In particular, duplicating a cube (providing a cube of
volume precisely 2) and trisecting an angle of 60° lead
to roots of irreducible cubics x3 —2=0 and 4cos’H —
3cosf — cos60° =0 and cannot be performed. Since =
does not satisfy any monic polynomial with coefficients
in Q, the circle cannot be squared.

D. Finite Fields

Thefields Z, where p isaprime number are fields with a
finite number of elements. All finite fiels have n1 =0 for
some n and are therefore extension fields of some Z,,. If
Z, C E,thenE isavector spaceover Z,. Let X3, Xo, . .., Xn
be a basis. Then al elements of E can be uniquely ex-
pressed aslinear combinations X ¢; x;, wherec; € Z,,. This
set has cardinality [{(ct, Ca, ..., C)}|=1Z]|=p". SO
|[E|=p"if[E:Z,]=n.

Let E have order p". Then the multiplicative group E*
has order p" — 1. So every element has order dividing
p"—1. Soifr#£0,r?P1t=1 SoforalreE, rP =r.
Then for al r e E, x —r divides the polynomial xP" — x.
Thereforex?" — x factorsasprecisely the product of x —r
for al r € E. Therefore, if mis adivisor of p"— 1, the
equation x™ — 1 divides xP"~* — 1 and splits into linear
factors. As with Z,, this means we can get an element u;
of order amaximum power of each primedividing p" — 1
and their product will have order p" — 1 and generate the
group. So E* iscyclic.

Since p|p! butnotr! forr < p, p primewehave p|(?).
InE since p1 =0, every element satisfiesx + X+ - - - +X
= px=0.S0(x+y)"=%(;)x"y"" by thebinomial the-
orem, whichholdsinall commutativerings. InE*, (x+y)P
= XxP + yP since other terms are divisible by p. Thisim-
plies by induction, (x +y)P =xP 4 yP". Therefore, xP
is an automorphism of E.

This gives acyclic group of order n of automorphisms
of E since if y generates the cyclic group then yP £y
for i <n. This is the complete automorphism group of
E.

If an element z liesin a proper subfield F of E, then F
has order pX and k|n and ¥ =z Conversely, the set of
{z: 7P = 7} is closed under sums and products and mul-
tiplicative inverses so it is a proper subfield. So if ?=z
then z liesin a proper subfield.

For any irreducible polynomial p(x) of degree k over
Z, thereexistsafieldH = Z,[x]/ p(x)Z,[x]. It hasdegree
k and so order pX. If t =X, thenitisZ,(t) where p(t) =0
is the minimum polynomial of t. Since tF —t=0, we
have p(x)|xP — x, andif k|n, then p(x)|x” — x|x"" — x.
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Suppose p(x)|xP" — x and is irreducible of degree k,
k¥n. Then in Z,(t) of degree k we would have tP" =t
and so for all r in the field r P" =r. Thisis false. So an
irreducible polynomial divides xP" — x if and only if its
degree dividesn.

The derivative can be defined for polynomias in
Z,[x] and satisfies the usual sum, product, power
rules. If xP" — x =q(x)(p(x))?, then (d/dx)(x"" —x) =
~1=q'(x)(p(x))* +2a(x) p(x)p'(x). So p(x) divides
—1. For p of degree greater than zero, thisisfalse. There-
fore, xP" — x has each irreducible polynomial of degree k
dividing n exactly once as afactor.

Suppose xP" — x has no irreducible factors of degree
n. Then al its factors divide xP* — x, k <n. So xP" — X|
(xP"" = x) -+ (xP = x). Since xP" — X has higher degree
thisis false. So xP" — x has an irreducible factor g(x) of
degree n. Therefore, afield H exists of order exactly p".

Any field F of order p" has an element r such that
x —r|g(x)|xP" — x since xP" — x factors into linear fac-
tors. Then r has minimum polynomia g(x). It follows
that Z,(r) hasdegreen and equals F. And F isisomorphic
to H. So any two fields of order p" areisomorphic.

E. Codes

Coding theory is concerned with the following problem.
Consider information in theform of sequencesa;a; - - - anm
over a g-element set assumed to be a finite field F of
order . Wewishto find afunction f encodinga;a; - - - am
as another sequence b;b; - - - b, such that, if an error of
specified type occurs in the sequence (), the sequence
(&) can till be recovered. There should also be areadily
computablefunction g givinga;az - - - am frombsb, - - - by
with possibleerrors. Weassumeany t or fewer errorscould
occur in (by).

We consider a;a, - - - ay, @ an m-dimensiona vector
(a1, a2, ..., am) over F,thatis, ae V,, and (b;) asavector
b e V,. Therefore, acodingfunctionisafunctionf: V,,, —
V,. Theresulting code isitsimage of C whereC C V,,.

Suppose two vectors v, w in a code differ in at most
2t places. Then let z agree with v in half these, w the
other half, and agree with v and w where they agree.
Then z could have been either v or w. Error correction is
impossible.

Conversely, if two vectors v, w could give rise to the
same vector z by at most t errors each, then they differ in
at most 2t places.

Therefore, acodecan correctt errorsif andonly if every
pair of vectors differ in at least 2t + 1 places.

For such a code, q">q™((g)+(@—1)(+--- +
(g— 1)‘(':) since the kth term on the right is the num-
ber of vectors that differ from a code vector on exactly r
places, and for r <t al these are distinct.
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A perfect code is one such that equality holds. A linear
codeisonethatisasubspaceof V,,. A cycliccodeisalinear
code in which each cyclic rearrangement bib, - - - b, —
brb; - - - b1 of acode vector is acode vector.

Let V, beconsidered asthe set of polynomialsof degree
lessthan n in x. Then cyclic rearrangement is multiplica-
tion by x if we set x"=1. Therefore, cyclic codes are
subspaces closed by multiplication by x in

Fix]
(x" — DF[x]

and are therefore ideals.

Suchanideal isgenerated by auniquemonicirreducible
polynomial g(x). Let y bean element of an extension field
of F suchthat " = 1 but no lower power is 1. Let g(x) be
the least common multiple of the minimum polynomials
of y1,v2, ..., y% L, whered <n, d is relatively prime
to n. Then g(x)|x" — 1 since all powers of y are roots
of x" — 1. By a computation involving determinants no
element of theideal of g(x) can havefewer thand nonzero
coefficients. Sot = (d — 1)/2 errors can be corrected. The
number misn minus the degree of g(x). These are called
the BCH (Bose-Chaudhuri-Hoguenghem) codes and if
n=q — 1 Reed-Solomon codes.

F. Applications to Latin Squares

Ann x n Latin square is a matrix whose entries are el-
ements of an n-element set such that each number oc-
cursexactly oncein every row and column. Thefollowing
cyclic Latin square occurs for all n:

1 2 n
2 3 1
n 1 .- n—1

Two Latin squares (&), (bi;) are orthogonal if for all
i, j, the ordered pairs (a;;, bij) are distinct.

Orthogonal Latin squares are used in experiments in
which several factors are tested simultaneously. In partic-
ular, suppose we want to test 5 fertilizers, 5 soil types,
5 amounts of heat, and 5 plant varieties. Choose 5 x 5
orthogonal Latin squares. Take an experiment with vari-
ety i, heat amount j, soil type &;, fertilizer by; for all
i, j, and n? experiments. Then for any two factors, each
variation on one factor occurs in combination with each
for the other factor exactly once. If we have k mutually
orthogonal Latin squares we can test k + 2 factors.

Suppose n= py*p5? - - - p, where pj is a prime num-
ber. Let R be the direct product of fields of order p".
Let k=inf{ pini —1}. Choose k invertible elements from
each field, x;j:i=1,2,...,k; j=1,2,...,r. Then the
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dementsz = (Xi1, X2, - . . , Xjr) areinvertible and the dif-
ference of any two isinvertible.

Define r, n x n Latin squares M(s) by m(s)i; = zsV;
+y;, where y;, y; run through al elements of R. Then
this function is 1-1 in y;. Since z isinvertible, it is 1-1
in y;. From the fact that z; — z is invertible, it follows
that (m(s)ij, m(t)ij) # (M(S)nk, M(t)rk) unlessi =h and
j =k. So al the sguare are orthogonal. If n is a prime
power, then n — 1 is the maximum number of orthogonal
n x n Latin sguares. However, there exists a pair of or-
thogonal n x n Latin squares for al n =2, 6 constructed
by R. C. Bosg, S. S. Shrikhande, and E. T. Parker in 1958.
The existence of 10 x 10 Latin squares disproved along-
standing conjecture of Euler.

A k x m orthogonal array isak x m matrix (a;) such
that for any i # j the ordered pairs s, a;s are distinct for
s=1tom.

An (m+ 2) x n? orthogonal array with entries from an
n-element set yieldsm mutually orthogonal Latin squares.
Thefirst two rows run through all pairs (i, j) solet m(r )i
be the entry in row r + 2 such that rows 1, 2 have entries
(@i, j) inthat place.

For n aprime power congruent to 3 modul 0 4, an orthog-
onal 4 x n? array can be constructed. Let F be a field of
order n and let g generate F* its multiplicative group. Be-
cause of the congruence condition —1 will not be asguare
inF.Letyy, Yo, ..., Y k= 3(n— 1), bedistinct symbols
not in F. Take as columns of the array al columns of the
types shown in Table IV, where x ranges through F, and
i independently varies from 1,2, ..., %(n — 1), together
with n columns

X X X

X
and (n — 1)?/4 columns corresponding to apair of orthog-
onal Latin squares of size (n — 1)/2 x (n — 1)/2 with en-
triesyi, Yo, ..., Yk. Thisgives an orthogonal array yield-
ing, for example, two 10 x 10 orthogonal Latin squares.

G. Applications to Projective Planes

A projective planeisamathematical system with abinary
relation called incidence (lying on) from aset P called the

TABLEIV Columns Used to Construct Two Orthogonal Latin
Squares

Yi g% (g+1)+x 9% +x X

X % g?(g+1)+x 9% +x
g% +x X Wi g% (g+1) +x
g% (g+1)+x g% +x X Vi
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set of pointstoaset L calledtheset of lines, satisfyingthree
axioms: (1) Exactly onelineis determined by two distinct
points; (2) two linesintersect in exactly one point; and (3)
there exist four points no three of which are collinear. The
last axiom is only to guarantee that the system does not
reduce to various special cases.

Let © be any division ring. Left modules over ©
have many of the properties of vector spaces. Let
S=DxDxD as aleft module. Let K be the set of
submodulesof theform Dx, x € ©. Let ¥ betheset of sub-
modules of the form Dx + Dy, X, y € ©, where x £ dy
for any de€®. Then ¥ and ¥ are essentially one- and
two-dimensional subspaces of ©. Let incidence bethere-
lationU C V. Thenwehaveaprojectiveplane. A choice of
3 = R givesthe standard geometric projective plane. This
type of projective planeis characterized by the validity of
the theorem of Desargues.

Many more general systems also give riseto projective
planes. A ternary ring (or groupoid) isaset R with an oper-
ation R x R x R to R denoted X - m % b. Every projective
plane can be realized with 8 the set R x RUR U {00},
where R x R isconsidered as a plane for the ternary ring,
R U {00} the points on a line at infinity. Incidence is in-
terpreted set theoretically by membership, and lines con-
sist of sets y =X m=x b together with a line at infinity.
Necessary and sufficient conditions that the ternary ring
give a projective plane are that for some 0, 1 € R, for al
x,mb,y,keR: (TR-1) Ocmxb=xc0xb=Db; (TR-2)
lom*x0=mo1x0=m; (TR-3) there exists a unique z
such that ac m*z=hb; (TR-4) there exists a unique z
such that zemxb=zokxa if k#m; and (TR-5) there
exist unique z, w suchthatac zxw=xandbezxw=y
ifa#b.

Finite fields give ternary rings xm+b of al prime
power orders. It is unknown whether ternary rings (TR-1)
to (TR-5) exist not of prime power order. If |R| =m, then
1B =|L=m?4+m+1

Projective planes are essentially a special case of block
designs. A balanced incompl ete block design of type(b, v,
r, k, 1) consists of afamily B;, i =1 to b of subsets of a
set V having v elements such that (1) |Bj| =k > A for al
i;(Q{i:xeBj}|=rforalxeV;and(3)|{i :x € B and
yeBi}|=Aforalx eV, x#y.Thesearealsousedinde-
sign of experimentswhere B; istheith set of experiments
and V the set of varieties tested.

Let A=(a;) be the matrix such that a; =1 if and
only if theith element of V occursin B;. Then AAT =
AJ+(r —A)l andal columnsumsof Aarek, whereJisa
matrix all of whose entriesare 1. Moreover, these proper-
ties characterize balanced incomplete block designs. For
k=3, 1 =1, designs are called Steiner triple systems.

A permutationgroup G actingonaset Siscalled doubly
transitiveif forall X # y, u # v in Sthereexistsgin G with
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gx=uand gy=v. If T CS, then the family of subsets
{Bi} ={g(T)} forms a balanced incomplete block design.

VIl. OTHER ALGEBRAIC STRUCTURES

A. Groupoids

As mentioned before, a groupoid is a set having one bi-
nary operation satisfying only closure. For instance, in a
finite group, the operation aba~*b~* called the commuta-
tor givesagroupoid. Congruences and homomorphism on
groupoids are defined in the same way asfor semigroups,
and for every congruence there is a quotient groupoid.
Sometimes asin topol ogy, groupoids are used to construct
guotient groupoids which are groups.

Groupoidsare also used in combinatorics. For example,
any n x n Latin square, its entries labeled 1, 2, ..., nis
equivalent to a groupoid satisfying (g) any two of a, b, ¢
determines the third uniquely in ab=c. A groupoid sat-
isfying (q) is caled a quasigroup. A loop is a quasi-
group with two-sided identity. Figure 9 classifies some
one-operation structures.

B. Semirings

A semiring is a system in which addition and multiplica-
tion are semigroups with distributivity on both sides. Any
Boolean algebra and any subset of aring closed under ad-
dition and multiplication as the nonnegative elements in
Z or R are semirings. The set of matrices over a semiring
with 0, 1 comprises a semiring with additive and multi-
plicative identity.

A homomorphism of semirings is a function f from
Mto S suchthat f(x+y)=f(x)+ f(y), and f(xy)=

Groupoid
Semigroup

Regular semigroup Monoid

Inverse semigroup

T~

Groups

|

Commutative group

FIGURE 9 Classification of one-operation structures.
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f(x)f(y) for al x,yef. The equivalence relation
{(x,y): f(xX)= f(y)} is a congruence. This means that,
if x~y,thenx+2z~y+2z xz~yz, and zx ~ yz for al
z € R. Conversely, for every congruencethereisaquotient
semiring and a homomorphism to the quotient semiring
X — X.

If the semiring is partially ordered, so are the semirings
of n-square matrices over it.

Just as Boolean matrices represent binary relations, so
matrices over semirings on [0, 1] can represent relations
in which there is a concept of degree of relationship. One
widely used semiring isthefuzzy algebrain which the op-
erations are sup{x, y}, inf{x, y}, giving a distributive lat-
tice. Fuzzy matrices haveapplicationsin clustering theory,
where objects are partitioned into a hierarchy of subsets
on the basis of amatrix C = (cij) giving the similarity be-
tween objectsi and j. Applications of fuzzy matrices are
aso found in cybernetics.

Inclines are a more general class of semirings. An
incline is a semiring satisfying x + X =x, Xy <x, and
xy <y for al x,y. The set of two-sided ideals in any
ring or semigroup forms an incline. The additive opera-
tion in an incline makes it a semilattice and, under weak
restrictions such ascompactnessof intervals, alattice. Ina
finitely generated incline for every sequence (a),i € Z™,
thereexisti < j witha > a;. The set of n-square matrices
over an inclineis not an incline under matrix multiplica-
tion but is one under the elementwise product given by
(@) © (bij) = (& bi;). Inclines can be used to study opti-
mization problems related to dynamic programming.

C. Nonassociative Algebras and Higher
Order Algebras

A nonassociative ring is a system having two binary oper-
ations satisfying all the axioms for aring except associa-
tivity of multiplication. A nonassociative algebra?( over a
field F inadditionisavector space over thefield satisfying
the algebra property a(bc) =b(ac) = (ab)c for al aeF,
b, c € 2. There exists a nonassociative eight-dimensional
division algebra over the real numbers called the Cayley
numbers. It is an alternative ring, that is, (yy)x=
y(yx), and (yx)x = y(xx) for al x, y. It has applications
in topology and to projective planes.

A Lie agebra is an algebra in which for al a, b, c
the product denoted [a, b] satisfies (L-1) [a,a] =0;
(L-2)[a, b] +[b, a] =0;and (L-3) [[a, b], c] +[[b, c], a] +
[[c, a], b] =0. In any associative algebra, the commuta-
tors[a, b] =ab — ba defineaLieagebra. Conversely, for
any Lie algebra an associative algebra called the univer-
sal enveloping algebra can be defined such that the Lie
algebrais a subalgebra of its algebra of commutators. In
many topological groups, for every element a there exists
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a parametrized family b(t),te R of elements such
that b(1) =a, b(t + s) = b(t)b(s) =b(s)b(t). The opera-
tion b(t)c(t) iscommutative up to first order int ast — 0
and defines areal vector space. The operation b(t)c(t)b*
(t)c~(t) taken to second order int then definesaLiealge-
bra. All finite dimensional connected, locally connected
continuous topological groups can be classified using Lie
algebras.

For any group G, let T';(G) denote the subgroup gen-
erated by all products of i elements under the operation
of group commutator xyx~ty~1. Then I'; (G) is a normal
subgroup and I (G)/ i 41(G) is an Abelian group. Com-
mutators give a product from I'; (G)/ I'i +1(G) x I'j(G)/
I}41(G) 10T 4(G)/ T 41(G) satisfying (L-1) to (L-3).
Such astructureis called aLiering. The sequence of nor-
mal subgroups I'; (G) is called the lower central series.

A (noncommutative) Jordan algebrais anonassociative
algebra such that (x2y)x = x2(yx), and (xy)x = X(yx).
Commutative Jordan algebras are used in constructing ex-
ceptional Lie algebras. For any associative algebra, the
product xy + yx defines a commutative Jordan algebra.
They also are used in physics.

A median algebrais a set S with ternary product xyz
such that (1) xyz is unchanged under any permutation of
X, ¥,z (2) (x(xyz)w) = (xy(xzw)); and (3) xyy =y for
al x,y,z w. The product in any two factors is then a
semilattice. The set of n-diemensional Boolean vectorsis
a median algebra under the componentwise product that
xyz equals whichever of x, y, zisin the mgjority. The set
of linear orders on n elementsis a median algebra under
the same operation.

D. Varieties

Asmentioned earlier an algebraic operationon aset Sisa
function S"=Sx Sx --- x Sto Sfor some positive in-
teger n. An operational structure isany labeled collection
of operationson aset S. A substructureis a subset closed
under all operations. A congruence is an equivalence re-
lation such that for each operation if x; =y; for i # j
and xj ~yj, then f(Xq, X2, ..., %n)~ (YL, Y2, ..., ¥n).
Multiplication is then uniquely defined on equivalence
classes, which form a quotient structure. A homomor-
phismisafunction h such that for each operation f and all
X1, X2, ..., Xn in the domain h[f(xg, X, ..., Xn)] =
f[h(Xy), h(X2), . .., h(Xy)]. Its image will be a substruc-
ture of the structure into which f is defined. An isomor-
phism is a 1-1 onto homomorphism. The direct product
of algebraic structures with operations of the sametypeis
the product set with componentwise operations.

A law for an algebraic structures Sis arelation which
holdsidentically for all elements of the structure. That is,
it asserts that a certain composition of operations applied
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X1, X2, .. ., Xn €quals a certain other composition for all
X1, X2, ..., Xp 1N the set. The commutative, associative,
and distributive laws for commutative rings form an ex-
ample. A variety is the class of al structures satisfying
given laws. Any law valid for a class of structures will
aso hold for their substructures, homomorphic images,
and direct products of them. Conversely, suppose a class
¢ of structures is closed under taking of substructures,
product structures, and homomorphic images. For any set
of generators 4 we can construct an element of € whose
only relations are those implied by the general laws of €.

To do thiswe take one copy of each isomorphism class
S, of structuesin € that are either finite or have the same
cardinality at most | 4|. Replicate these copies until we
have one copy S, for every map f.5: 4 — S,. Takethe
direct product x §,s and the substructure F(y) generated
by the image of 4 under each. Then by construction any
relation among these generators must hold identically in
al the S, and thusbe alaw. It follows that the rel ations of
¢ conicide with laws of €.

If Sisany structureinwhich thelawshold with S| = 4,
thenthetherelationsof F(y), beinglawsof €, holdis S. In
particular, there will then be an onto homomaorphism from
F(q) to S. Thisprovesthat aclassisavariety if and only if
it isclosed under taking substructures, product structures,
and homomorphic images. Much work has been done on
classifying varieties, especially groups.

Quasivarieties of relational structures on a set S also
exist but must be defined a little differently, as classes
closed under isomorphism, structures induced on subsets,
and product structures. Laws are of three types. For acol-
lection of variables x4, X», . . ., X, take a collection T, of
m-tuples from Xy, Xo, .. ., X, for each m-ary relation R.
For al replacements of x; by elements of the set T ei-
ther (2) if for al «, all members of T, belong in R, then
(Xi(l)v Xi@2), .- Xi(k)) € R, wherei (l), i(2), N |(n) € Z+;
(2) if for al «, al members of T, belong in R, then
(X, Xi@, - --» Xigy) € Ry or (3) if forall o, all membersof
T, belong in R, then x; 1) = Xi (2 for somei(1),i(2) € Z+.
The classes of reflexive, irreflexive, symmetric, and tran-
sitive binary relations are all quasivarieties.

E. Categories and Topoi

If we take algebraic structures of a given type and ig-
nore the internal structure but consider only the homo-
morphisms that exist between them, then we have assen-
tially a category. To be precise, a category consists of (1)
aclass € called the class of objects together with (2) a
set Hom(x, y) for dl x, y € € called the set of morphisms
from x to y; (3) a special morphism 1, for each x in €
called the identity morphism; and (4) an operation from
Hom(x, y) x Hom(y, z) to Hom(x, z) called composition
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of morphisms. It is required that composition be associa-
tive when defined and that 1 act as the identity element
whenever composition with it is defined. The most fun-
damental category consists of all sets and al functions,
between sets. Sets and binary relations form a category.
There are categories in which Hom(x, y) does not con-
sist of functions, for example, let C be a poset and let
Hom(x, y) = (X, y) if x < yandHom(X, y) = ¥ otherwise.

The category of all modules over aring is an additive
category: Morphisms can be added in a natural way.

The direct product of objects K; x K, can be de-
scribed in terms of categories by its universal property.
Thisisthat there exist mappings 7j : K3 x K3 to K; such
that for any object A and any mappings fi: A to K;
there exists a unique mapping h: A— Kj x K3 such that
mi(h(x)) = fi(x). There exists a dual concept of direct
sum, anobject K1 x K withmapping g; : K; — Ky x K3
such that for any object A and any mappings f; : K; to A
there exists a unique mapping h : K; x K, — A such that
h(g; (x)) = f; ().

More generally, in category theory, one works with fi-
nite diagrams, or graphs, in which each vertex isan object
and each arrow amorphism. Thelimit of adiagram cosists
of an object A and a mapping g; from each object a; of
thediagramto A suchthat if thereisanarrow f :a — a;,
theng; (f (x)) = gk(x) andfor any other object H and map-
pings m; with the same properties there exists a ungiue
mapping h: A— H such that h(gj(x)) = m;(x) for all j.
A colimit is the dua concept. Any variety of relational
structures, as the variety of commutative rings, has prod-
ucts, coproducts, limits, and colimits. Moreover, there is
thetrivial structure {0} where any set of operationson zero
gives zero. Any object has a unique mapping to zero.

A topos is a category with limits, colimits, products,
coproducts, and a few additiona properties. There ex-
ists an exponential object XY for any objects X, Y such
that for any object X thereisanatura isomorphism from
Hom(Z, XY) to Hom(Z x Y, X). In addition, there exists
a subobject classifier, that is, an object 2 and a mapping
caled true from a point p to  such that thereisa 1-1
correspondence between substructures of any object X
and mappings X — €. The category of sets acted on the
left by a fixed monoid M is a topos. In the category of
setsitself Q@ = {0, 1}, where subsets T of aset Sarein
1-1 correspondence with mappings f : S— {0, 1} such
that f(x)=1ifxisinT andx =0if X ¢ T. Topoi haveim-
portant applicationsto modelsin mathematical logic such
as in Boolean-valued models used to show the indepen-
dence of the continuum hypothesis in Zermelo—Frankel
set theory.

A functor from one category C; to another category
C, consists of an assignment of a unique object of C, to
each object of C;, aunique morphism of C, to each mor-
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phism of C; such that the objects involved correspond,
the mappings 1« go to identities, and composition is pre-
served. Group rings over a fixed ring give a functor from
the category of groups to the category of rings.

F. Algebraic Topology

Algebraic topology is the study of functors from subcat-
egories (subsets of the sets and morphisms of a category
forming a category under the same operations) of the cat-
egory of topologica spaces and continuous mappings to
categories of algebraic structures. These functors often
allow oneto deduce the nonexistence or existence of pos-
sible topological spaces or continuous mappings. If for
some functor F and two topological spaces X, Y, F(X) is
notisomorphicto F(Y), then X, Y cannot betopologically
equivalent. In topology, any mapping between spaces is
meant to be a continuous mapping.

Let A(B) be a subset of the topological space X(Y).
A mapping from X, Ato Y, B isamapping f: X—>Y
such that f(A)c B. Two mapings f and g: X, A=Y,
B are caled homotopic if there exists a mapping
h:Ux X,Ux A—Y,B where I=][0,1] such that
h(0, x) = f(x), and h(1, x) = g(x). Thisisan eguivalence
relation. Equivalence classes of mappings under homo-
topy form anew category called the homotopy category.

The first important functor from a category associated
to the category of topological spaces to the category of
groupsis the fundamental group. Let xo denote any point
of X. Homotopy classes of mappings f, g from 11, 2
(where B ={0, 1}) to X, Xp can be multiplied by defin-
ing f * g=h such that h(t)=g(2t) for 0<t <0.5 and
h(t) =g(2t — 1) for 0.5 <t < 1. Theproduct dependsonly
on homotopy classes, and on homotopy classesisagroup,
where f(1—t) istheinverse of f(t).

Every groupisthefundamental group of sometopol ogi-
cal space, and every group homomorphism can berealized
by a continuous mapping of some topological spaces.

Higher homotopy groups are defined in a similar way
using an n-cube and its boundary in place of 11, 5.

Suppose a space Y is a topological groupoid; that is,
there exists a continuous mapping Y x Y — Y. Then the
set [ X: Y] of homotopy classes of mappings from X to
Y is a groupoid for any topological space Y. If we let
Y be a topological space whose only nonzero homo-
topy group is an Abelian group G in dimension n, called
an Eilenberg-MacLane space, then [X; Y] is a group
called the nth cohomology group of X. All the cohomol-
ogy groups together form a ring. From the cohomology
groups of Eilenberg-MacL ane spaces themselves can be
obtained cohomology operations, that is, mappings from
one cohomol ogy group to another preserved by continous

mappings.
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A vector bundle over atopological space X is avector
space associated to each point of X such that the union
of the vector spaces forms atopological space. An exam-
ple is the tangent vectors to a surface. The K-theory of
atopological space is essentially a quotient of the semi-
group of vector bundles over X under the operation of
direct sum of vector spaces. The equivaence class of a
vector bundle V is the set of vector bundles W such that
U @V isequivalent to U & W for some vector bundleU .
K-Theory of X alsoequals[X; Y] for aspaceY which can
be constructed from quotient groups of groupsof n-square
matrices.

By anal ogy-with topol ogical constructions, researchers
have defined homology and K-theory for rings and
modules.

G. Inclines and Antiinclines

We have defined incline above as a semiring satisfy-
ing the incline inequality. The set of two-sided ideals in
a ring (semigroup) for example forms an incline under
I +J(I nJ)and IJ. Many results on Boolean and fuzzy
matrices generalize to inclines. Green’s relation £- (R-)
classes in the semiring of matrices over an incline are
characterized by equality of row, column spaces. |n many
cases the row, column spaces will have a unique basis.
For the fuzzy algebra [0, 1] under sup{x, v}, inf{x, y}, it
is necessary to add the condition that if ¢; = Xa;;c;j, {Ci}
the basis, then a;j¢; = ¢;. Matrices will have computable
maximal subinverses Ax A< A, giving a way to test
regularity.

In any finitely generated incline, no chain has an infi-
nite nondecreasing subchain. Eigenvectors and eigenval-
ues can be described in terms of a power of a matrix. A
particularly interesting incline is [0, 1] under sup{x, y}
and xy (ordinary multiplication).

The asymptotic forms of finite matrices can be de-
scribed by the existence of positive integers k, d, and a
matrix C such that

Ak+nd:A®C®-~-®C

where © denotes entrywise product.

Antiinclines are defined by the reverse inequalities
xy>x and yx > X. They have the dua nonascending
chain property.

H. Quadratic Forms

A quadratic form over a ring % is a function f(x)=
TaijXiXj, &j € R from R" x R" to R. Quadratic forms
occur often in statistics and optimization and as the first
nonlinear term in a power series, as well as in pure
mathematics.
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Two quadratic forms are isomorphic if they become
identical after a linear invertible change of variables. A
formisisotropicif nonzero x gives f (x) = 0. It isdefined
to be totally isotropic if f(x)=0 identically, hyperbolic
if it isisomorphic to a direct sum of forms f(x) =x1xz
over %2, and anisotropic if it is not isotropic.

Over afield every quadratic form is uniquely express-
ible as the direct sum of an anisotropic form, a hyper-
bolic form, and atotally isotropic form up to equivalence.
Cancellation holds for direct sum: if h(x) & f(x) isiso-
morphic to h(x) & g(x) then f(x) isisomorphic to g(x).
It is then convenient to work with aring of isomorphism
classesof formsand their additive inverses call ed the Witt-
Grothendieck ring . The Witt ring “Wis generated by
(a), theclass of axizj has operationsinduced by direct sum
and tensor product, and is defined by relations (1) =1
(a)(b) = (ap), (a) + (b)y =(a+b)(1 + (ab)). Here W' is
defined as“W'/H where H istheideal of hyperbolicforms.
Itisstudied intermsof thefiltration by powers of theideal
| generated by (a) — 1.

Over the real numbers, rank [of the matrix (a;;)] and
signature (the number of its positive eigenvalues, given
& = a;;) are complete isomorphism invariants. Over the
rational numbers the strong Hasse principle asserts that
two forms are isomorphic if and only if they are isomor-
phic over each completion (real and p-adic) of the ra-
tionals. The weak Hasse principle asserts that a form is
isotropic if and only if it is isotropic over each comple-
tion. A complete set of invariants of nonsingular forms
is given by determinant det[(a;;)] and Hasse invariants
a each prime. The Hasse invariant of a quadratic form
T aji x? can be defined as

[@i.a)

i<j
where(aji, aj;) = £1accordingasaji x* + ajj y* = L hasa
solution or not, over the p-adic numbers. The determinant,
taken modulo sgquaresis called the discriminant.

Milnor’s theorem gives adescription of the Witt ring of
J(x), x transcendental in terms of the Witt ring of %. The
Tsen-Lang theorem asserts that if X has transcendance
degree n over C then every quadratic form of dimension
greater than 2" isisotropic. Thetheory of quadratic forms
isalso related to that of division algebra.

I. Current and Recent Research

The greatest achievement in algebraitself since 1950 has
been the classification of finite ssmple groups. Proofs are
very lengthy and due to many researchers. Much progress
has been made on decidability of algebraic problems, for
example, the result that the word problemisunsolvablein
general groups having a finite number of generators and
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the solution of Hilbert’s problem showing that polynomial
equationsinn variablesover Z (Diophantine equation) are
in general undecidable by Turning machines. The proof
of Mordell’s conjecture gives a positive step for equations
of degree n in two variables over Q. Another result in
group theory wasthe construction of aninfinitebut finitely
generated group G such that x™ = for al x in G and for
afixedminZz®.

In algebraic geometry, a remarkable theory has been
created leading to the proof of the Weil conjectures. This
theory made it possible to prove that, for any Diophantine
equation, it is decidable whether for every prime number
p it has a solution modulo p. Much has been done with
algebraic groups.

In coding theory, all perfect codes have been found.
A pair of n x n orthogonal Latin squares have been con-
structed for all n except 2 and 6.

The entire subjects of homological agebra and alge-
braic K-theory have been developed. For aring R, the
following sequence

My 1 M
is called exact if Im(f;j) =Ker(fi.1), where Ker(f) de-
notesthe kernel of f. A freeresolution of amodule It is
anexact sequence--- — €, — €, 1 — - Eg — I,
where each ¢, isafree module. Another module ¢, gives
asequence

f
— M,

- < Hom(€,, M) < Hom(C,._1, N)
i Hom(E, M)
The quotients Ker(gn.1)/Im(gn) are independent of the
particular free resolution and are called Ext"(0t, ).
Whitehead’s problem is whether if Ext'(A, Z) =0, then
Aisadirect sum of copiesof Z. S. Shelah proved thisis
independent of the axioms of Zermel o-Frankel set theory.
Considerable research has been done on order struc-
tures and on ordered algebraic structures in lattice theory
and genera algebra. Finite posets can be studied in ways
similar to topological spaces, because they are equiva
lent to finite topologica spaces. The theory of Boolean
and fuzzy matrices has been developed with the advent
of Green’s relations classes. Inclines, semirings (2R, o, *)
satisfying X o X =X, Xo (X*y)o (y*X)=X are a further
generalization. The algebraic structure of semigroups, es-
pecially regular semigroups, has becomewell understood.
In matrix theory and algebraic number theory, there have
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been numerous important devel opments such as the proof
of the van der Waerden conjecture.

Mathematical linguistics and automata theory have be-
come well-developed subjects.

Research is actively continuing in most of these areas
as well as in category theory and the theory of varieties
and combinatorial aspects of algebra.

In the 1990s quantum algebras has become a very ac-
tive field. This deals with structures related to traditional
algebraic structuresin theway quantum physicsisrelated
to classical physics. In particular, a quantum group is a
kind of Hopf algebra.

A somewhat related and active areais noncommutative
algebraic geometry, in which a prominent place is occu-
pied by the K -theoretic ideas of A. Connes.

SEE ALSO THE FOLLOWING ARTICLES

o ALGEBRAIC GEOMETRY e BOOLEAN ALGEBRA ¢ GROUP
THEORY e MATHEMATICAL LOGIC e SET THEORY e
TorPOLOGY, GENERAL
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GLOSSARY

Affine space The space of n-tuples with coordinates in a
field K.

Algebraic set The set of solutions to a collection of poly-
nomial equations in affine or projective space.

Coordinate ring Ring of polynomial functions on an al-
gebraic set.

Curve An algebraic variety of dimension one.

Genus The fundamental invariant of curves, equal to the
dimension of the space of regular 1-forms.

Moduli space A topological space (usually an algebraic
variety itself) whose points represent algebraic vari-
eties of a specific type.

Projective space The space of (n+ 1)-tuples with coor-
dinates in a field K, not all zero, up to scalar factor.
The natural compactification of affine space, which in-
cludes points at infinity.

Quadric An algebraic variety defined by a single
quadratic equation.

Rational function A ratio of polynomial functions de-
fined on an algebraic set in affine or projective
space.

Regular function A rational function whose denomina-
tor does not vanish at a subset of an algebraic set.

Algebraic Geometry

ALGEBRAIC GEOMETRY is, broadly speaking, the
study of the solutions of polynomial equations. Since poly-
nomials are ubiquitous in mathematics, algebraic geome-
try has played a central role in the development and study
of many mathematical ideas. Its origins can be traced to
ancient Greek mathematics, when the study of lines and
conics in the plane began. From these relatively simple
beginnings, modern algebraic geometry has grown into a
subject which draws on and informs nearly every other dis-
cipline in mathematics, and modern practitioners develop
and use some of the most sophisticated “mathematical ma-
chinery” (including sheaves, cohomology, etc.) available.
However, the subject is still rooted in fundamental ques-
tions about systems of polynomial equations; the complex-
ity and apparent abstraction of some of the modern tools
of practicing algebraic geometers should not be confused
with a lack of concern for basic and accessible problems.

I. BASIC DEFINITIONS OF
AFFINE GEOMETRY

A. Affine Space

To be more precise about solutions to polynomial
equations, one first specifies a field k of numbers where the
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coefficients of the polynomials lie, and where one looks
for solutions. A field is a set with two binary operations
(additionand multiplication) inwhich all of theusual rules
of arithmetic hold, including subtraction and division (by
nonzero numbers). The main examples of interest are the
field Q of rational numbers, the field R of real numbers,
and the field C of complex numbers. Another is the finite
field Z/ p of theintegers {0, 1, ..., p — 1} under addition
and multiplication modulo aprime p.

Solutionsto polynomialsinn variableswould naturally
be n-tuples of elements of the field. If we denote the field
in question by K, the natural place to find solutions is
affine n-space over K, denoted by K", A%, or simply A":

-7Zn)|ZiGK}'

When n = 1 we have the affine line, if n =2 we have the
affine plane, and so forth.

A" ={z2=(z1,22, ..

B. Affine Algebraic Sets

Let f(X)= f(x1,...,x,) beapolynomial in n variables
with coefficients in K. The zeros of f are denoted by

Z(f):
Z(f)=1{zcA"| f(2d =0}.

For example, Z(y — x?) is a parabola in the plane, and
Z(x%2 — y? — 72— 4) isahyperboloid in 3-space.

More complicated geometric objects in affine space
must be defined by more than one polynomial. Let S be
aset of polynomials (not necessarily finite) all having co-
efficients in the field K. The common zeros of &l the
polynomialsinthe set S is denoted by Z(S):

Z(S)={zeA" | f(29=0 fordl f €S}.

Analgebraicsetin A", or simply anaffinealgebraic set, isa
subset of A" of theform Z(S) for some set of polynomials
S inn variables. That is, an affine algebraic set is a set
which is exactly the set of common zeros of a collection
of polynomials. Affine algebraic sets are the fundamental
objects of study in affine algebraic geometry.

The empty set is an affine algebraic set [it is Z(1)] and
soisall of affine space[itis Z(0)]. Theintersection of an
arbitrary collection of algebraic sets is an algebraic set.
The union of a finite number of algebraic setsis aso an
algebraic set. Therefore the algebraic sets in affine space
form the closed setsin atopology; thistopology is called
the Zariski topology.

C. Ideals Defining Algebraic Sets

The “algebraic” part of algebraic geometry involves the
use of the tools of modern algebrato study algebraic sets.
Algebraisthe study of setswith operations on them, and

Algebraic Geometry

the most common algebraic structure is the ring, which
is a set with addition and multiplication, but not neces-
sarily division. The ring of importance in affine algebraic
geometry isthering K[x] = K[x1, x2, ..., x,] of polyno-
mialsinthen variables x = (xy, . . ., x,). Sometimes this
is called the affine coordinate ring, since it is generated
by the coordinate functions x;. It isfrom thisring that we
draw the subset S C K[x] of polynomials whose zeroswe
want to study.

Anideal J inaring R (like K[X]) is a subset of the
ring R with the special properties that it is closed under
addition and “outside multiplication”: if f and g arein J
then f + gisinJ,andif gisin J then fgisin J for any
f inthering. An example of an ideal is the collection of
all polynomialsthat vanish at a particular point p € A".

If S isasubset of the ring, the ideal generated by S is
the set of al finite “linear combinations” ), h; f; where
the h;’sarein the ring and the f;’s are in the given subset
S. The reader may check that this set, denoted by (S), is
closed under addition and outside multiplication, and so
isalways anideal.

Returning to the setting of algebraic sets, one can easily
see that if S is any collection of polynomials in K[x],
and J =(S) isthe idea in K[x] generated by S, then
ScJand Z(S)=Z(J): the set S and the idea J have
exactly the same set of common zeros. This allows alge-
braic geometers to focus only on the zeros of ideals of
polynomials: every algebraic set is of the form Z(J) for
anideal J C K[x]. Itisnot the case that theideal defining
the algebraic set isunique, however: it ispossible that two
different ideals J; and J> have the same set of common
zeros, so that Z(J1) = Z(J>).

D. Algebraic Sets Defining Ideals

We saw in the last paragraph that ideals may be used to
define all algebraic sets, but that the defining ideal is not
unique. In the construction of algebraic sets, we look at
acollection of polynomials and take their common zeros,
which is aset of pointsin A”. Now we turn this around,
and look instead at a subset X C A% of points in affine
space, and consider al the polynomials that vanish on X.
We denote this by 1(X):

I(X)={f €K[x]|f(29d =0 foralze X}.

No matter what kind of subset X we start with, thisis
always an ideal of polynomials. Again there is the same
possibility of non-uniqueness: it may be that two differ-
ent subsets X and Y of A" have the same ideal, so that
I1(X) = 1(Y). Thiswould happen if every polynomial that
vanished on X aso vanished on Y and vice versa
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The ideal I1(X) for a subset X C A" has a specid
property not shared by al ideals: it is closed under roots.
That is, if f isapolynomial, and ™ vanishes on al the
pointsof X, then it must bethe casethat f itself vanishes.
This means that if /™ € I(X), then f € I(X). An ideal
with this special property is called aradical ideal.

E. The Z-I Correspondence

The two operations of taking an ideal of polynomialsand
using Z to get asubset of affine space, and taking a subset
of affine space and using 7 to get an ideal of polynomials
form the theoretical foundation of affine algebraic geom-
etry. We have the following basic facts:

o If 1 C Jo C K[X] areidedls, then Z(J1) D Z(J2).
o If X1 C Xo C A", then I(X1) D I(X5).

e If J C K[x]isanidea, then I(Z(J)) D J.

e If X C A", then Z(I1(X)) D X.

This last statement can be sharpened to give a crite-
rion for when a subset of A" is algebraic, as follows.
If X is algebraic, equal to Z(J) for some ideal J, then
I(X)=1(Z(J))DJ, so that Z(I(X))=Z(I(Z(J)))C
Z(J)=X, which forces Z(I(X))=X. Conversaly if
Z(I(X))= X, then X isobviously algebraic. Hence,

X isan algebraic subset of A" if and only if Z(I(X))=X.

This statement addresses the question of which pointsare
additional zerosof all the polynomialswhichvanishon X,
stating that if X is agebraic there are no additional such
points.

F. The Nullstellensatz and the Basis Theorem

The Nullstellensatz turns the previous question around
and asks which additional polynomials always vanish at
the points which are common zeros of a given idea of
polynomials. Thisisamuch more subtle question, and the
answer is the fundamental theorem in elementary affine
geometry. It uses the concept of the radical of anideal J,
rad(J), whichisthe set of all polynomialsfor which some
power isin J:

rad(J) ={f € K[X]| f" e J forsomem > 1}.

It is aways the case that rad(J) D J, and that rad(J) isa
radical ideal. Clearly 1(Z(J)) Drad(J): if f™ € J,then f
will certainly vanish wherever everything in J (in partic-
ular wherever ™) vanishes.

An algebraically closed field is afield that contains al
roots of all polynomialsin one variable. The field C of
complex numbers is algebraically closed; the field Q of
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rational numbers, thefield R of real numbers, and al finite
fields are not algebraically closed.

Theorem 1 (Hilbert’s Nullstellensatz). If K is an
algebraically closed field, then for any ideal J C K[X],
1(Z(J))=rad(J).

The power of the Nullstellensatz occurs because in
many applicationsone hasaccessto apolynomial f which
is known to be zero when other polynomials g1, ..., g
are. The conclusion isthen that f isin the radical of the
ideal generated by the g;’s. Therefore there is a power of
f which is alinear combination of the g;’s, and so there
isan explicit equation of the form

"= Zhigi~

The Nullstellensatz permits a more detailed correspon-
dence of properties between the algebraic set X and its
ideal 1(X). Typical statements when K is agebraicaly
closed are asfollows:

* There is a one-to-one correspondence between
algebraic subsets of A" and radical idealsin K[Xx].

e X isempty if and only if 1(X) = K[X].

X =A"if and only if I(X)={0}.

X consists of asingle point if and only if 7(X) isa

maximal ideal.

e X isanirreducible algebraic set (that is, itisnot a
union of two proper algebraic subsets) if and only if
I(X)isaprimeided [thatis, I(X) hasthe property
that if fg € I(X) then either f € I(X) or g € I(X)].

All these statements relate geometric properties of the
algebraic set X to algebraic properties of the idea 1(X).
Thisisthe basic theme of algebraic geometry in general.

The other main theorem concerning these general ideas
is the basis theorem, which addresses the question of the
finiteness of the set of equations which may define an
algebraic set:

Theorem 2 (Hilbert’s basis theorem). Every ideal
J in the ring of polynomials K[X] is finitely generated:
there is a finite set S of polynomials such that J = (S).
As a consequence, every algebraic set X C A" may be
defined as the set of common zeros of a finite set of poly-
nomials.

G. Regular and Rational Functions

Any polynomial f e K[x] can be considered as a
K-valued function on affine space A". If X C A" is an
algebraic set, such a polynomia may be restricted to X
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to obtain a function on X. Functions on X which are re-
strictions of polynomial functions are called polynomial
functions. The polynomia functions on X form a ring,
denoted by K[ X] and called the affine coordinate ring of
X. For example, the affine coordinate ring of affine space
isthe entire polynomial ring: K[A"] = K[X].

There isan onto ring homomorphism (restriction) from
K[x] to K[X], whose kernel is the idea | (X). There-
fore K[X] is isomorphic as a ring to the guotient ring
KIx]/1(X).

Irreducible algebraic sets are often referred to as
algebraic varieties. If X isan algebraic variety, then | (X)
isaprimeideal, so that the coordinate ring K[ X] isanin-
tegral domain (if fg=0theneither f =0or g=0). The
field of fractions of K[X], denoted by K(X), represent
rational functions on the variety X. Rational functionsare
more useful than polynomial functions, but they have the
drawback that any given rational function may not be de-
fined on all of X (where the denominator vanishes). If a
rational function is defined at a point p, one says that the
function isregular at p.

Therational function field K (X) of an algebraic variety
X isan extension field of the base field K, and as such has
a transcendence degree over K: this is the largest num-
ber of algebraically independent rational functions. This
transcendence degree is the dimension of the variety X.
Points have dimension zero, curves have dimension one,
surfaces have dimension two, and so forth.

Polynomial and rational functions are used to define
maps between algebraic sets. In particular, maps between
two affine spacesare simply given by avector of functions.
M aps between affine algebraic setsaregiven by restriction
of such a vector of functions. Depending on the type of
functions used, such maps are called polynomial or ratio-
nal maps. Again, rational maps have the property that they
may not be defined everywhere. A map is called regular if
itisgiven by rational functions but is defined everywhere.

H. Examples

The most common example of an affine algebraic variety
isan affine subspace: thisisan algebraic set given by linear
equations. Such a set can always be defined by anm x n
matrix A, and an m-vector b, asthe vanishing of the set of
mequationsgiveninmatrix formby Ax =b. Thisgivesthe
geometric viewpoint on linear algebra. One consequence
of the geometric point of view is a deeper understanding
of parallelism for linear spaces: geometrically, one begins
to believe that parallel lines might be made to intersect
“at infinity.” Thisisthe germ of the development of pro-
jective geometry.

No doubt the first nonlinear algebraic setsto be studied
were the conics. These are the algebraic sets given by a
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single quadratic equation in two variables, and they define
acurvein the affine plane. The classification and study of
conics date to antiquity. Most familiar isthe classification
of nonempty irreducible conics over the real numbers R:
wehaveeither anellipse, aparabola, or ahyperbola. Again
an appreciation of the points “at infinity” sheds light on
this classification: an ellipse has no real points at infinity,
a parabola has one real point at infinity, and a hyperbola
has two real points at infinity.

Over any field, if an irreducible conic C [given by
f(x, y)=0] is nonempty, then it may be parametrized
using arationa function of one variable. This is done by
choosing a point p=(Xp, Yo) on C, writing the line L
through p with dopet [given by y — yo =t(x — Xo)], and
intersecting L; with C. This intersection will consist of
the point p and one other point p; which depends on t.
One may solve easily for the coordinates of p; as ratio-
nal functionsof t, giving arational parametrization for the
conic C. Fromthepoint of view of maps, thisgivesaratio-
nal map ¢ : A — C which has an inverse: for any point
(X, y)onC, thet-valueist = (y — yo)/(X — Xo). Invertible
rational maps are called birational, and most of the clas-
sification efforts of algebraic geometry are classifications
up to birational maps.

Applying this procedure to the unit circle C (defined
by x? 4+ y? = 1) and choosing the point p to be the point
(—1, 0), one finds the parametrization

1-t2 2t

Pe= <1—|—t2’ 1+t2)'
We see here the origins of algebraic number theory, in
particular the formulas for the Pythagorean triples. If
we look at the case when t = p/q is a rational number,
we find (clearing the denominator q) that ((g% — p?)/
(9% + p?), 2pq/(g? + p?)) is a point on the unit circle.
Again clearing the denominator g2 + p?, we see that this
means

(@* — p?)* + (2pa)® = (@* + p?)*.

which gives the standard parametrization of Pythagorean
triples. This style of argument in elementary number the-
ory dates the ancient Greeks, in particular to Appollonius
and Diophantus.

In higher dimensions, an algebraic variety given by a
single quadratic equation iscalled aquadric. Although the
classification of affine quadricsisnot difficult, it becomes
clearer that the use of projective techniques simplifiesthe
meatter considerably.

Algebraic varieties defined by either more equations
or equations of degree larger than two present a much
greater challenge. Even the study of cubic curves in the
plane [given by a single equation f(x, y)=0 where f
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has degree threg] is still a subject of modern research,
especialy over number fields.

|. Affine Schemes

The theory exposed above was developed in the hundred
years ending in the middle of the twentieth century. Inthe
second half of the twentieth century adifferent foundation
to algebraic geometry was devel oped, which more closely
follows the algebra of the rings and ideals in question.
Recall that there is a correspondence between algebraic
subsets of affine space and radical ideds in the polyno-
mial ring K[x]. If the ground field K is algebraically
closed, points correspond to maximal ideals, and irre-
ducible algebraic setsto primeideals. Thering of polyno-
mial functionson X isnaturally thering K[x]/1 (X). This
ring is a finitely generated K-algebra, with no nilpotent
elements (elements f = 0 such that =0 for some k).
From this ring one can recover X, as the set of maximal
idedls.

The idea of affine schemesisto start with an arbitrary
ring R and to construct a geometric object X having R
asitsnatura ring of functions. Grothendieck’s theory, de-
veloped in the 1950s and 1960s, uses Spec(R), the set of
prime ideals of R, asthe set X. This gives the notion of
an affine scheme.

II. PROJECTIVE GEOMETRY

A. Infinity

Consider the affine line A, which is simply the ground
field K asaset. What should it mean to approach infinity
inAl?Consideraratiox/y € K if y £ Othisisan element
of K, but as y approaches zero for fixed x, this element
will “approach infinity.” However, we cannot let y equal
zero in this ratio, since one cannot divide by zero in a
field. It makes sense then to separate the numerator and
denominator in this ratio and consider the ordered pair:
let uswrite [y : x] for this. Since we are thinking of this
ordered pair as representing a ratio, we should maintain
that [y : x] =[ay : ax] for any nonzeroa € K. Theordered
pair [1:x] will represent the number x € K; the ordered
pair [0: 1] will represent a new point, at infinity. We re-
move the ordered pair [0: 0] from the discussion, since
this would represent an undefined ratio.

B. Projective Space

The construction above generalizes to n-dimensional
affine space A", as follows. Let us define projective
space P" to be the set of al ordered (n+ 1)-tuples
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[Xo:X1: ... :Xn], with each x; € K, not all equal to zero,
subject to the equivalence relation that

[Xo:X1: ... :iXn] =[AXo:AXy: ... AXn]

for any nonzero A € K. The x;’s are called the homoge-
neous coordinates of the point [X]; note that they are not
individually well-defined, because of the scaling condi-
tion. However, it does make sense to say whether x; =0
or not.

If Xop # 0, we can scaleby A =1/Xg and assume xo = 1;
then all the other n coordinates are well-defined and cor-
respond to a unique point in affine n-space A":

., Xn) € A" corresponds to

: Xn] € P".

p=(x,..
[1:x: ...

However, we have a host of new points where xo =0 in
P"; these are to be thought of as points “at infinity” of
A". Inthisway the points at infinity are brought into view
and in fact become no different than any other point, in
projective space.

C. Projective Algebraic Sets

Let K[X] = K[Xo, Xg, - . . , Xn] bethe polynomial ring gen-
erated by the homogeneous coordinates. We can no longer
view these polynomials as functions since (because of the
scaling issue) even the coordinates themsel ves do not have
well-defined values. However, suppose that a polynomial
F(x) is homogeneous; that is, every term of F has the
same degree d. Then F(1x)=A%F(x) for any nonzero
A, and hence whether F =0 or not at a point [x] ¢ P" is
well-defined.

We therefore define a projective algebraic set to be the
set of common zeros of a collection S of homogeneous
polynomials:

Z(S)={[x] €eP"|F(x) =0 foral F € S).

Correspondingly, given asubset X C P", we define the
homogeneousideal of X, | (X),tobetheideal in K[x] gen-
erated by all homogeneous polynomials F which vanish
at all points of X:

I (X) = ({homogeneous F € K[X] | F|x = 0}).

The reader will see the possibility of developing exactly
the same type of theory, completewitha Z—1 correspon-
dence, a basis theorem, and a projective version of the
Nullstellensatz, al properly interpreted with the extra at-
tention paid to the homogeneity conditions at every turn.
This is in fact what happens, and projective geometry
attains an algebraic foundation as solid as that of affine
geometry.
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D. Regular and Rational Functions

In the context of projective geometry, the polynomial ring
K[x] is caled the homogeneous coordinate ring. It is a
graded ring, graded by degree: K[x] = @®4>0Vq Where Vy
is the vector space of homogeneous polynomialsin x of
degree exactly d. If X Cc P" is a projective algebraic set,
thehomogeneousidea | (X) isalsograded: | (X) = ®q lg,
and the graded quotient ring K[ X] = K[x]/I (X) iscalled
the homogeneous coordinate ring of X.

As we have noted above, a polynomia (even a homo-
geneous one) F does not have well-defined values at
points of projective space. However, a ratio of polyno-
mialsr = F/G will have a well-defined value at a point
p if both F and G are homogeneous of the same degree,
and G(p) #0. Such aratiois called arational function of
degree zero, and these functions form the foundation of
thefunction theory on projective algebraic sets. A rational
function whose denominator does not vanish at p is said
to beregular at p.

E. Homogenization

Let us suppose now that we have an affine algebraic set,
given by the vanishing of apolynomia f(xg, ..., X,). We
want to investigate how this algebraic set looks at infinity,
in projective space. Let d be the largest degree of terms
of f. To each term of f, we multiply in the appropriate
power of the new variable xo to make the term have de-
gree exactly d. This produces ahomogeneous polynomial
F (X0, X1, . . ., Xn), Which for Xo = 1 has the same zeros as
the original polynomia f. However, now for xo =0 we
have new zeros, at infinity, in projective space.

For ageneral affinealgebraic set X defined by morethan
one equation, we do this process for every polynomial in
I (X), producing a collection of homogeneous polynomi-
als S. Then Z(S) c P" is the projective closure X of X
and exactly adds the minimal set of pointsat infinity to X
to produce a projective algebraic set.

For example, let us consider the hyperbolain the affine
plane defined by f(x, y)=x?— y? — 1=0. We homog-
enize this to F(z, x, y) =x? — y? — 72, a homogeneous
polynomial of degree two. For z=0, we recover the
two points [0:1:1] and [0:1:—1] a infinity (where
x? —y?=0), up to scalar factors.

F. Bezout’s Theorem

One of the consequences of adding in the pointsat infinity
toform projective spaceisthat algebraic setswhich did not
intersect in affine space now tend to intersect, at infinity,
in projective space. The classic example is that of two
paralel lines in the affine plane: these intersect at one
point at infinity in the projective plane.
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In general, one expects that each time one adds a new
equation that must vanish, the dimension of the set of ze-
ros goes down by one. Therefore, in projective space P",
which has dimension n, one expects that the projective
algebraic set defined by exactly n homogeneous polyno-
mials Fi = F,= ... = F, =0 will have dimension zero;
this means that it should be a finite set of points.

Bezout’s theorem deals with the number of such in-
tersections. It may happen that a point of intersection is
counted with multiplicity; this is the same phenomenon
aswhen apolynomial in one variable has adoubleroot: it
counts for two when the number of rootsis being enumer-
ated. In more than one variable, there is a corresponding
notion of multiplicity; thisisawaysan integer at least one
(for acommon isolated root).

Theorem 3 (Bezouts theorem). Suppose the
ground field K isalgebraically closed. Let F,i =1, ...,
n, behomogeneous polynomialsinthen + 1 homogeneous
variables of projective n-space P". Suppose that F; has
degree d;. Then,

(8 The common zero locus X = Z({F, ...
nonempty.

(b) If X isfinite, the cardinality of X isat most the
product of the degrees did; - - - dy.

(c) If each point of X is counted according to its
multiplicity, the sum of the multiplicitiesis exactly
the product of the degreesd;d, - - - d,.

. Fa}) is

For example, three quadrics (each of degree two) in P*
aways intersect. If the intersection is finite, it is at most
eight points; if the points are counted according to their
multiplicity, the sum is exactly eight.

Asanother example, aline and acubic in the plane will
intersect three times, counted with multiplicity. Thisisthe
basisfor the famous “group law” on a plane projective cu-
bic curve X: giventwo points p and g on X, thelinejoining
p and g will intersect the curve X in athird point, and this
operation forms the basis for a group structure on X.

Ill. CURVES AND SURFACES

A. Singularities

Let X beanirreducible algebraic variety, of codimension
r,in A". If x; are local affine variables at a point p € X,
and the ideal of X is generated near p by polynomials
f1, ..., fi, then the Jacobian matrix J = (af; /9x;) will
have rank at most r at every point of X and will have
maximal rank r at al points of X away from a subalge-
braic set Sing(X). At points of X — Sing(X), the variety
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issaid to be nonsingular, or smooth; at points of Sing(X),
the variety issaid to be singular, and Sing(X) iscalled the
singular locus of X. Over the complex numbers, the non-
singular pointsarethose pointsof X where X isacomplex
manifold, locally analytically isomorphicto an open setin
CY, where d is the dimension of X. A common situation
is when Sing(X) is empty; then the variety is said to be
smooth. At smooth points of algebraic varieties, there are
local “analytic” coordinates vy, ..., Yg equal in number
to the dimension of the variety.

B. 1-Forms

A 1-form on a smooth algebraic variety is a collection of
local expressionsof theform ) ; fi(y) dy;, where{y;} are
local coordinates on the variety and the f;’s are rational
functions; this collection of expressions must be all equal
under changes of coordinates, and at every point of the
variety at least one of the expressions must be valid. For a
curve, where there is only one local coordinate y, alocal
1-form expression has the simple form f(y) dy. The set
of 1-forms on avariety form a vector space.

C. The Genus of a Curve

Let X be asmooth projective curve. Let w beal-formon
X. If at every point of X thereisalocal expression for w
of theform f (y) dy wherey isalocal coordinateand f is
aregular function, then we say that w isaregular 1-form.
The set of regular 1-forms on a smooth projective curve
form a finite-dimensional vector space over K, and the
number of linearly independent regular 1-forms, whichis
the dimension of this vector space, is the most important
invariant of the curve, called the genus.

If K isthecomplex numbers, thegenushasatopological
interpretation also. A smooth projectivecurveisacompact
complex manifold of dimension one, which istherefore a
compact orientable real manifold of dimension two. As
such, it is topologically homeomorphic to a sphere with
g handles attached; this g is the topological genus, which
isequal tothegenus. If g=0, the curveistopologicaly a
sphere; if g= 1, thecurveistopologically atorus; if g > 2,
the curve istopologically a g-holed torus.

The simplest smooth projective curve is the projective
lineitself, PL. It has genus zero.

D. Plane Curves and Pliicker’s Formula

The most common projective curves studied over the
centuries are the plane curves, which are defined by asin-
gleirreducible polynomia f (X, y) =0 in affine 2-space,
and then closed up with points at infinity to a projective
curve defined by the homogenization F (X, y, zZ) =0inthe
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projective plane. Plucker’sformulaaddressesthe question
of the genus of this curve in relation to the degree of the
polynomial F:

Theorem 4 (Plticker’s formula). Suppose X is a
smooth projective plane curve defined by an irreducible
polynomial F(x, y, z) of degreed. Then the genusof X is
equal to (d — 1)(d — 2)/2.

Plucker’s formula has been generalized to curves with
singularities, in particular with simple singularities like
nodes (locally like xy =0 or y? = x?) and cusps (locally
like y?=x3). Then the formula gives the genus of the
desingularization of the curve: if a plane projective curve
of degree d has afinite number of singularities which are
all either nodesor cusps, andthereare v nodesand « cusps,

then the genus of the desingularization is
(d-—1)(d-2)
g= T V—K.

E. Elliptic and Hyperelliptic Curves

Using Plucker’s formula, we see that smooth plane pro-
jective curves of degree one or two have genus zero. We
havein fact seen abovethat conics may be parametrized by
lines, and this is possible precisely because they have the
same genus. Smooth projective plane cubic curves have
genus one, and they cannot be parametrized by lines. Ev-
ery smooth projective plane curve over C has exactly nine
inflection points, and if an inflection point is put at the
projective point [0:1:0], and if the line of inflection is
the line at infinity, the affine equation of the cubic curve
can be brought into Weierstrass form

y’=x34+ Ax+B

for complex numbers A and B, such that 4A3 4 27B2 #0
(thisis the smoothness condition). The form of this equa-
tion shows that a cubic curve is aso representable as a
double cover of the x-line: for every x-valuethere are two
y-values each giving points of the curve.

Ingenera, thereare curvesof every genusrepresentable
asdoublecovers, using similar affine equationsof theform
y? = fa(x).
where fy is a polynomial with distinct roots of degree
d. Such a curve is called hyperelliptic and has genus
g=[(d — 1)/2]. In particular these constructions show the

existence of curves of any genus g > 0.

Higher-degree coverings of the projective line, such as
a curve given by an equation of the form y = f(x), are
alsoimportant in the classification of curves. Coverings of
degree three are called trigonal curves, tetragonal curves
are covers of degree four, and so forth.
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F. Rational Functions, Forms,
and the Riemann-Roch Theorem

The most celebrated theorem in the theory of curves is
the theorem of Riemann-Roch, which gives preciseinfor-
mation about the rational functionson asmooth projective
curve X. The space of rational functions K (X) on X forms
a field of transcendence degree one over K, and as such
is an infinite-dimensional vector space over K. In order
to organize these functions, we concentrate our attention
on the zeros (where the numerator vanishes) and the poles
(where the denominator vanishes). Specifically, given a
point p € X and a positive integer m, we may look at all
the rational functions on X with a zero at p, no zero or
poleat p, or apoleat p of order at most m. We denote this
space by £(mp). If m= — nisanegative integer, we de-
fine £L(mp) = L(—np) to bethe space of rational functions
with azero at p of order at least n.

A divisor on X is a function from the points of X to
the group of integers Z, such that al but finitely many
values are zero. For any divisor D, we define the vector
space L(D) to bethe space L(D) = Nxex £(D(X) - X). In
plain English this is the space of rational functions with
restricted poles(to the set of pointswith positive D-val ues)
and prescribed zeros (asthe set of pointswith negative D-
values). Part of the Riemann-Roch theorem is that these
spaces are finite-dimensional .

We can make the same construction with rational
1-formsalso. Let usrecall that arational 1-form haslocal
expression f(y)dy and use the function part f to define
the zeros and poles. Given adivisor E, we may then con-
sider the space Q*(E) of rational 1-forms with restricted
poles and prescribed zeros as E indicates. Again, thisisa
finite-dimensional space of forms.

Theorem 5 (Riemann-Roch). Let X be a smooth
projective curve of genus g. Let D be a divisor on X, and
denote by d the sum of the values of D: d= Y, D(X).
Then,

dim(L(D)) =d +1— g+ dim(Q(—D)).

The inequality dim(L(D)) >d + 1 — g was proved by
Riemann; Roch supplied the “correction term” related to
1-forms. One of the main uses of the Riemann-Roch the-
orem is to guarantee the existence of rational functions
with prescribed zeros and poles, in order to intelligently
embed the curve in projective space: given rational func-
tions fo, ..., fn onacurve X, themapping sending x € X
tothepoint [ fo(x), f1(x), ..., fa(X)] will dwaysbewell-
defined on all of X and under certain circumstances will
embed X as a subvariety of P".

Using this technique, we can show for example that
(a) al curves of genus zero are isomorphic to the pro-
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jective line P*; (b) al curves of genus one are isomor-
phic to smooth plane cubic curves; (c) all curves of genus
two are hyperelliptic, given by an equation of the form
y? = fg(x), where fg isasextic polynomial; (d) all curves
of genus three are either hyperelliptic or smooth plane
quartic curves; (€) all curves of genus four are either hy-
perelliptic or the intersection of a quadric surface and a
cubic surface in P3; and (f) all curves of genus five are
hyperelliptic, trigonal, or the intersection of three quadric
threefoldsin P4, Of special interest isthe so-called canon-
ical embedding of a smooth curve, which shows that a
curve of genus g either is hyperelliptic or can be embed-
ded asacurve of degree 2g — 2in P91,

G. The Moduli Space Mg

Much of theresearchin algebraic geometry since 1960 has
focused on the study of the moduli spaces for algebraic
varieties. In general, amoduli spaceisatopologica space
M whose points represent particular geometric objects;
the topology on M is such that points which are close in
M represent geometric objects which are also “close” to
each other. Of particular interest hasbeenthemoduli space
My for smooth projective curves of genus g. For exam-
ple, since every curve of genus zero is isomorphic to the
projectiveline, Mg consists of asingle point. The moduli
space M classifying curves of genus one is isomorphic
to the affine line A': the famous j-invariant of elliptic
curves classifies curves of genus one by a single num-
ber. [For a plane cubic curve of genus one in Weierstrass
form y?=x3+ Ax+ B, j=4A%/(4A3+27B%).] For
g=>2, My is itself an algebraic variety of dimension
3g-3.

Of particular interest has been the construction and
study of meaningful compactifications of various moduli
spaces. For My, the most natural compactification Mg
was constructed by Deligne and Mumford and the ad-
ditional points represent stable curves of genus g, which
are curveswithout continuousfamilies of automorphisms,
and having only nodesassingularities. Eventoday thecon-
struction and elementary properties of moduli spaces for
higher-dimensional algebraic varieties (e.g., surfaces) is
a challenge. More recently attention has turned to mod-
uli spaces for maps between algebraic varieties, and it is
an area of very active research today to compactify and
understand such spaces of maps.

H. Surfaces and Higher Dimensions

The construction and understanding of the moduli spaces
Mg for smooth curvesistantamount to thesuccessful clas-
sification of curvesand their properties. The classification
of higher-dimensional varieties is not anywhere near as
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complete. Even surfaces, for which a fairly satisfactory
classification exists due to Enriques, Kodaira, and others,
presents many open problems.

The Enriques classification of smooth surfaces essen-
tially breaks up all surfacesinto four categories. The first
category consists of those surfaces with afamily of genus
zero curves on them. Since genus zero curves are al iso-
morphic to lines, such surfaces are known as ruled sur-
faces, and a detailed understanding of them is possible.
The prototype is a product surface X x P! for acurve X.
The second category consists of surfaces with anowhere-
vanishing regular 2-form, or finite quotients of such sur-
faces. These are the so-called abelian surfaces, K3 sur-
faces, Enriques surfaces, and hyperelliptic surfaces. The
third category consists of surfaces with afamily of genus
one curves on them. Some techniques similar to those
used in the study of ruled surfaces are possible, and since
genus one curves are very well understood, again arather
detailed description of these surfaces, called elliptic sur-
faces, is available. The last category is the surfaces of
general type, and most surfaces arein this category. Mod-
uli spaces have been constructed, and many elementary
invariants are known, but thereis still alot of work to do
to understand general-type surfaces. An exciting current
application areahasto do with the connection of algebraic
surfaces (which over the complex numbers are rea four-
dimensional objects) and the study and classification of
4-manifolds.

For varieties of dimension three or more, there are
essentially no areas of complete classification. Basic
techniques available for curves and surfaces begin to
break down for threefolds, in particular because severa
fundamental constructions lead immediately to singular
varieties, which are much more difficult to handle. How-
ever, since the 1980s, starting with the groundbreaking
work of Mori, steady progress has been made on funda
mental classification constructions.

IV. APPLICATIONS

The origins of algebraic geometry, and the development
of projective geometry in the Renaissance, were drivenin
large part by applications (of the theory of multivariable
polynomials) to a variety of problems in geography, art,
number theory, and so forth. Later, in the 1800s, newer
problems in differential equations, fluid flows, and the
study of integrals were driving development in algebraic
geometry. Inthe 1900stheinvention of algebraasweknow
it today caused a rethinking in the foundations of alge-
braic geometry, and the energies of working researchers
were somewhat siphoned into the development of new
structures and techniques. these have culminated in the
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widespread use of general schemes, sheaves, and homo-
logical algebra, as well as slightly more general notions
of algebraic spaces and stacks.

After this period of partia introspection, a vigorous
return to application areasin algebraic geometry beganin
the 1980s. We will closethis article with brief discussions
of asampling of these.

A. Enumeration

One of the fundamental questions of geometry, and of
many other subjects in mathematics, is the “how many”
question: in algebraic geometry, this expresses itself in
counting the number of geometric objects with a given
property. In contrast to pure combinatorics, often the geo-
metric approach involves counting objects with multiplic-
ity (e.g., roots of apolynomial).

Typical enumerative questions (and answers) ask for the
number of flexes on a smooth cubic curve (9); the number
of lines on a smooth cubic surface (27); the number of
conicstangent to five given conics (3264); and the number
of lines on a smooth quintic threefold (2875).

Recent breakthrough developments in intersection the-
ory have enabled algebraic geometers to compute such
numbersof enumerativeinterest which have stumped prior
generations. New excitement has been brought by totally
unexpected relationships with string theory in theoretical
physics, where the work of Witten and others has found
surprising connections between computations relating el-
ementary particles and generating functionsfor enumera
tive problems of the above sort in algebraic geometry.

B. Computation

Computation with polynomials is a fundamentaly algo-
rithmic processwhich permitsin many casesthe design of
explicit algorithmsfor cal cul ating amultitude of quantities
of interest to al gebraic geometers. Usually these quantities
either are related to enumerative questions such as those
mentioned above or are the dimensions of vector spaces
(typicaly of functionsor forms) arising naturally either in
elementary settings or as cohomology spaces.

With the advent of sufficient computing power as
represented by modern computers and computer algebra
software packages, it hasbecomemorepossibleto actually
perform these types of computations by means of com-
puter. This hasled to an explosion of activity in designing
efficient and effective algorithms for the computations of
interest. These algorithmsusually rely in someway onthe
theory of Grobner bases, which build on a multivariable
version of the division algorithm for polynomials.

Software is now widely available to execute many cal-
culations, and it is typically user-customizable, which
has enabled researchers around the world to make
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fundamental contributions. Software packages which are
widely used include Macaulay, CoCoA, and Schubert.

C. Mechanics

Many problems in mechanical engineering and construc-
tion involve the precise understanding of the position of
various machine parts when the machine is in motion.
Robotic analysisis especially concerned with the position
and velocity of robot extremities given various parame-
tersfor joint motion and extension. There are afew basic
motions for machine joints, and these are al describable
by simple polynomials [e.g., circular motion of radiusr
occursonthecircle(x? 4+ y? =r?)]. Itisnot difficult to see
therefore that in suitable coordinate systems, virtually all
such problems can be formulated by polynomial systems.

However, mechanical deviceswith many jointscan cor-
respond to algebraic sets in affine spaces with many vari-
ables and many equations, which makes the geometric
analysis rather complicated. It is therefore useful to be
able to apply more sophisticated techniques of the theory
to reduce the complexity of the problem, and thisiswhere
the power of algebraic geometry can comeinto play.

A specific example of thetype of problemisthefollow-
ing so-called n-bar configuration. Let us consider acycli-
cal arrangement of n stiff rods, joined at the ends by joints
that can actuate only in aplanar way locally. For what ini-
tial positions of this arrangement does the configuration
actually move and flex? In how many different ways can
it be madeto flex? When n = 3, the configuration must lie
in aplane, and no flexing or motion is possible; for n =4,
the flexing configurations, although known, have not been
completely analyzed.

D. Coding Theory

A codeisacollectionof vectorsin K" for somen, where K
isafield; each vector in the collection isacodeword. The
Hamming di stance between two code wordsisthe number
of positions where the code words differ. If each code
word is intended to represent some piece of irreducible
information, then desirable properties of a code are as
follows:

(8) Sze: There should be many code words so that a
large amount of information can be represented.

(b) Distinctness: The Hamming distance between any
two code words should be large, so that if acode
word is corrupted in some way, the original code
word can be recovered by changing the corrupted
code word in asmall number of positions.

(c) Efficiency: The ambient dimension n, which isthe
number of positions, should be as small as possible.

Algebraic Geometry

Thesethree propertiestend to act against one another, and
the theory of error-correcting codesis directed toward the
classification and analysis of possible codes and coding
schemes.

Algebraic geometry has found an application in this
area, by taking the field K to be a finite field, and taking
the code to be certain natural spaces of functions or forms
on an algebraic variety. Most successful have been at-
temptsto usealgebraic curves; thiswasinitiated by Goppa
and has been successful in producing codeswith desirable
properties and in aiding in the classification and uniform
treatment of several families of previously known codes.

E. Automatic Theorem Proving

Itisoften the case, especially in el ementary geometry, that
geometric statements can be expressed by having some
polynomial vanish. For example, three points (X, Y1),
(X2, ¥2), and (xs, y3) in the plane are collinear if and only
if the determinant of the matrix

1 1 1
X1 X2 X3,
Y1 Y2 V3

which is the polynomia Xoys — X3Y> — X1Y3 + X3y1 +
X1Y2 — X2V1, IS Zero.

A typical theorem therefore might be viewed as a
collection of hypothesis polynomials hy, ..., hg, and a
conclusion polynomial g. The truth of the theorem would
be equivalent to saying that wherever the hypothesis poly-
nomialsall vanish, the conclusion polynomial isalso zero.
This exactly says that ge | (Z({ha, ..., h})), using the
language of the Z—1 correspondence of affine algebraic
geometry.

If the field is algebraically closed, the Nullstellensatz
says that the conclusion polynomia g isin thisidea if
and only if some power of g isalinear combination of the
h;’s; that is, there is some equation of the form

g =Z fih;,
i

where f; are other polynomials. A “proof” of the theorem
would be given by an explicit collection of polynomials
fi, which exhibited the equation abovefor somer, and this
can be easily checked by a computer. Indeed, algorithms
exist which check for the existence of such an expression
for g and are therefore effective in determining the truth
of agiven proposed theorem.

F. Interpolation

A general problem in approximation theory is to con-
struct easy-to-eval uate functions with specified behavior.
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Typically this behavior involves the values of the func-
tion at prescribed loci, the values of the derivatives of the
functions, or both. Polynomial interpolation isthe method
whereby polynomial functionsareusedinthismanner, and
algebrai c geometry hasfound recent applications and new
problems of interest in this field in recent decades.

Lagrange interpolation involves finding polynomial
functions with specified values ¢, at a specified set of
points px € A". In one variable, there is arelatively easy
formulafor writing down the desired polynomial, and this
istaught in most first-year calculus courses. In higher di-
mensions, no suchformulaexists. However, theproblemis
alinear problem, and so it isastraightforward application
of linear algebra techniques.

Hermite interpolation involves finding polynomial
functionswith specified derivative values. Thisisasignif-
icantly more complicated generalization, and open ques-
tions exist even for polynomialsin two variables.

Spline interpolation involves finding piecewise poly-
nomial functions, which stitch together to have a certain
degree of global smoothness, but which also have speci-
fied behavior at given points. Cubic splines are the most
popular in one variable, and with the advent of computer
graphics, two- and three-variable splines are becoming
more widely known and used in elementary applications.

In al these settings, techniques of algebraic geometry
are brought to bear in order to determine the dimension
of the space of suitableinterpolating functions. Usualy it
is a simple matter to find a lower bound for such dimen-
sions, and the more difficult problem isto find sharp upper
bounds.

G. Graphics

The origins of projective geometry lie in the early
Renai ssance, when artists and architects began to beinter-
ested in accurately portraying objects in perspective. The
correct treatment of horizon lines and vanishing pointsin
artwork of the period led directly to anew appreciation of
pointsat infinity and eventually to amathematically sound
theory of projective geometry.

With the recent explosion of capabilities in computer
speed, resolution of displays, and amount and interest of
visualizing data, an appreciation of projective geometry,
homogeneous coordinates, and proj ectivetransformations
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has lately become standard fare for computer graphics
specialists and novices alike.

Although initially the application of the ideas of
projective geometry were rather elementary, more sophis-
ticated techniques are now being brought to bear, espe-
cialy those involving problems in computer vision and
pattern recognition. In particular it now seems feasible
to use subtle projective invariants to discriminate between
scene objects of either different types at the same perspec-
tive or the same type at different perspectives.

SEE ALSO THE FOLLOWING ARTICLES
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GLOSSARY

Center Let Abe a bounded set in a normed linear space
X. An element X, in X is called a center (or Chebyshev
center) of A if sup{||Xo — Y| : Y € A} =infycx sup{||X
—yll:yeA).

L Summand A closed subspace S of a Banach space X
is said to be an L summand (or L ideal) if there exists
a closed subspace T of X such that X=S® T and
IX+yll=IIX|l+ |yl forall xe Sand ye T.

M ldeal A closed subspace S of a Banach space X is
called an M ideal in X if its annihilator S* is an L
summand of the dual space X*.

Modulus of smoothness Let f be in Ly[0, 1], 1<
p < oo, and A{ f denote the r th forward difference of
f with step size t, where rt <1. The L, rth mod-
ulus of smoothness of f is defined by w,(f, h)p=
sup{[|A] f||p:0 <t <h}, where the L, norm is taken

over all of [0, 1] for the periodic case and over
[0, 1 — rt] for the nonperiodic setting. Also, denote
w(f, h)p=w(f, h)p.

Natural spline Leta=ty < --- <ty =b. A function s
in C?k~2[a, b] is called a natural (polynomial) spline of
order 2k and with knots at t;, ..., t,, if the restriction
of s to each [, ;] is a polynomial of degree 2k — 1
fori =1,...,n—1, and a polynomial of degree k — 1
on each of the intervals [a, t;] and [t,, b].

Normalized B spline Let tj < --- <tj.x with tj <tj .
The i th normalized B spline of order k and with knots
atti, ..., tijx, isdefined by Nj x(X) = (t 1k — t)[ti, ...,
Gkl — X)'f,__1 , where the kth order divided difference
of the truncated (k — 1)st power is taken at tj, ..., ;.

n Widths Let A be a subset of a normed linear space X.
The Kolmogorov n width of A in X is the quantity
dn(A; X)=infx, supyxea infyex, X — Y|, where X, is
any subspace of X with dimension at most n. The linear
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n width of A in X is the quantity §,(A; X)=infp,
SUpyeallX — PnX||, where P, is any set of continu-
ous linear operators of X into itself of rank at most
n. The Gel’fand n width of A in X is the quan-
tity d"(A; X) =inf_, SUpxea,nL, lIX|l, where Ly is any
closed subspace of X with codimension at most
n. The Bernstein n width of A in X is the quan-
tity bn(A; X) =supy, , sup{t:tB(Xns1) € A}, where
Xn+1 is any subspace of X with dimension at least
n+ 1and B(Xp1) istheunitball {x € Xn1: x|l <1}
in Xn+1.

Padé approximants The [m, n] Padé approximant
of a formal power series Co+Ciz+CoZ2+ ---
is the (unique) rational function pm/g,, where
Pm(2)=a0+ - +amz"andgn(z) =bo + - - +bn2"
are determined by the algebraic quantity (co+ c1z+
CZ%+ - )(bo+ -+ +bnZ") — (@0 + -+ +amZ") =
dyz"tn+1ly d,Z"tn+t2 4 ... for someds, o, ... .

Total positivity An nx n square matrix A=|[a;] is
said to be totally positive (TP) if the determinant
of [a;,;,] is nonnegative for all choices of integers
l1<ij<---<iksnand 1<ji<--- <jk<n and
any integer k=1, ..., n. It is said to be strictly to-
tally positive (STP) if each of the above determinants
is positive. A kernel K(x,y), where a<x<b and
c<y<d,isTPor STPif thematrices K (x;, yj) are TP
or STP, respectively, for all choices of x; and y; with
as<xi<---<Xp<bandc=<y;< - -- <yn=<d,and
alm=12....

Wavelets A function, with sufficiently fast decay at in-
finity, can be used as a wavelet to define the wavelet
transform, if its Fourier transform vanishes at the
origin.

APPROXIMATION of discrete data, complicated func-
tions, solutionsof certain equations, and soon by functions
fromasimpleand usually finite dimensional spaceisoften
donein every field of scienceand technology. Approxima-
tiontheory, also known as approximationsand expansions,
serves as an important bridge between pure and applied
mathematics and isintimately related to numerical analy-
sis. This field has no well-defined boundary and overlaps
with various branches of mathematics. Among the most
important areas of study are possibility of approximation,
quality of approximation, optimal approximation, families
of approximants, approximation schemes, and computa-
tional algorithms. Approximation of bounded operators
by compact operators on a Banach space and factorization
of biinfinite matrices are also important areas in the field
of approximation theory. Recent devel opment of approxi-
mation theory includes computer-aided geometric design
(CAGD) and wavelets.

Approximations and Expansions

. BACKGROUND

Approximation theory, whichisoften classified asapprox-
imations and expansions, is a subject that serves as an
important bridge between pure and applied mathematics.
Althoughitsoriginistraced back to the fundamental work
of Bernstein, Chebyshev, Haar, Hermite, Kolmogorov, La-
grange, Markov, and others, this branch of mathematics
was not fully established until the founding of the Journal
of Approximation Theory in 1968. Now with the rapid ad-
vance of digital computers, approximation theory has be-
come avery important branch of mathematics. Two other
journalson thissubject, Approximation Theory and Its Ap-
plicationsand Constructive Approximation, werefounded
inlate 1984.

There is no well-defined boundary of the field of ap-
proximation theory. In fact, it overlaps with both classical
and modern analysis, aswell asnumerical analysis, linear
algebra, and even various branches of applied mathemat-
ics. We may neverthelessdivideit into five areas: (1) pos-
sibility of approximation, (2) quality of approximation,
(3) optimal approximation, (4) families of approximants,
and (5) approximation schemes and computational algo-
rithms. The first area is mainly concerned with density
and completeness problems. The typical classica results
inthisareaare the theorems of Stone-Weierstrass, Muntz-
Szasz, Mergelian, Korovkin, and others. The subject of
qualitative approximationincludesmainly the study of de-
grees of approximations and inverse theorems. Jackson’s
theorems and the so-called saturation theorems are typical
resultsin thisarea. Optimal approximationisprobably the
backbone of the field of approximation theory. The typi-
cal problems posed in this area are existence, unigqueness,
characterization, and computation of best approximants,
and the most basic result is probably the so-called alter-
nation theorem. This area of mathematics is extremely
important and includes the subjects of |east-squares meth-
ods, minimal projections, orthogonal polynomials, opti-
mal estimation, and Kalman filtering. Depending on the
mathematical models or the nature of the approximation
problems, certain families of approximants areto be used.
The most familiar families of approximants are algebraic
polynomials, trigonometric polynomials, rational func-
tions, and spline functions. In thisdirection, thereisavast
amount of literature, including, in particular, the study of
total positivity. Unfortunately, most of the beautiful prop-
erties of these classical families of approximants do not
carry over to the two- and higher-dimensional settings.
Theimportant subject of multivariate spline functions, for
instance, has been avery active field of research in recent
years. Again depending on the approximation problems,
appropriate schemes of approximation are used. Compu-
tational algorithms are very important for the purpose of
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yielding good approximations efficiently. This area of ap-
proximation theory includes the subjects of interpolation,
| east-squares methods, and approximate quadratures.

It must be noted that the separation of the field of ap-
proximation theory into five areas should not be taken
very strictly since these areas obviously have to overlap.
For instance, the elementary and yet important method of
least-squares is an approximation scheme with efficient
computational algorithms and yields an optimal approxi-
mation. In addition, many mathematicians and practition-
ers may give a broader or even different definition of ap-
proximation theory. Hence, only selected topics of this
field are treated in this article and the selection of topics
and statements of results has to be subjective. In addi-
tion, many interesting areas, such as approximation theory
in the complex domain, trigonometric approximation and
interpolation, numerical approximation and agorithms,
inequalities, orthogonal polynomials, and asymptotic ap-
proximation, are not included.

Il. BEST APPROXIMATION

Approximation theory is built on the theory of best ap-
proximation. Suppose that we are given a sequence of
subsets P; ¢ P, C - - -inanormed linear space X of func-
tions with norm || ||. For each function f in X, consider
the distance

En(f) =inf{||f —gll:g e Py}

of f from P,. If there exists a function p, in P, such
that | f — pnll = En(f), we say that p, is abest approxi-
mant of f in X from P,. Existence of best approximants
is the first basic question in the theory of best approxi-
mation. Compactness of P,, for instance, guarantees their
existence. The second basic question is uniqueness, and
another basic problem isto characterize them. Character-
ization is fundamental to developing algorithms for the
construction of best approximants.

Supposethat thefunction f that wewish to approximate
liesin some subset G of X. Let B betheunit ball of al f
in G (with || f || < 1). Then the quantity

En(B) = sup{Ex(f): f € B}

iscalled the order of approximation of functionsin G from
P.. Knowing if, and if so how fast, E,(B) tendsto zerois
also one of themost basi ¢ problemsin best approximation.

A. Polynomial and Rational Approximation

Consider the Banach space CJ0, 1] with the uniform (or
supremum) norm. Let 7, be the space of all polynomi-
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as of degree at most n. Although 7, is not compact, a
compactness argument still applies to yield the existence
of a best approximant to each f in C[0, 1] from m,,. Itis
also well known that best approximation from x, has a
unique solution. This can be proved by using the follow-
ing characterization theorem, which isbetter known asthe
aternation theorem.

Theorem 1. p,isabest approximant of f inC[O0, 1]
from 7, if and only if there exist points

O<sxg<- - <Xpyo2=<1

such that (f — pn)(xi)=a(—=1)' | f — pall fori=1, ...,
n+ 2, wherea=1or —1.

More can be said about the uniqueness of best approx-
imants as stated in the following so-called strong unicity
theorem.

Theorem 2. Let f bein C[0, 1] and py its best ap-
proximant from rr,. Then there exists a constant C+ such
that

If—dgll > En(f)+Ctlipn—all
for al gin .

There are results concerning the behavior of the con-
stant C; in theliterature. All the above results on approx-
imation by algebraic polynomials are also valid for any
Chebyshev system.

Results on the orders (or degrees) of approximation by
algebraic or trigonometric polynomials are called Jack-
son’s theorems. Favard also gave sharp constants for best
trigonometric polynomial approximation.

Although rational functions do not form alinear space,
analogous results on existence, uniqueness, and character-
ization still hold. Let Ry, n bethecollection of al functions
p/d, where p € 7, and q € 7y, such that p and g arerel-
atively prime and q(x) > 0 for all x on [0, 1]. The last
condition is not restrictive since, for approximation pur-
poses, p/q must be finite on [0, 1]. A more careful com-
pactness argument shows that every function in C[O0, 1]
has at |east one best rational approximant from Ry, . The
following alternation theorem characterizes best rational
approximants. We will use the notation d(p) to denote the
degree of apolynomial p.

Theorem 3. pm/qn isabest approximant of f from
Rm.n if and only if there exist points

O<xi<---<X% <1

where r =2+ max{m-+d(g,), n+d(pm)} such that

(f - pm/(:]n)(xi)za(_]-)i I f—pm/onll fori=21,....r,
wherea=1or —1.
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Again uniqueness of best rational approximants can
be shown using the aternation theorem, and in fact an
analogous strong unicity result can be obtained. Unfor-
tunately, although rational functions form a larger class
than polynomials, they do not improve the orders of ap-
proximation in general. For instance, the approximation
order of theclassof al lip a functionsby R,, is O(1/n%),
which is the same as the order of approximation from
7n. However, while best approximation from np, is satu-
rated [e.g., En(f)=0O(1/n%) for 0<« < 1if and only if
f elipa, and Ey(f)=0(1/n) if and only if f isin the
Zygmund clasg], thisis certainly not the case in rational
approximation. A typical exampleisthat the order of best
approximation of theimportant function |x — %| from R
is O(ev"), which is much better than O(1/n).

B. Best Local Approximation

Because of the alternation properties of best polynomial
and rational approximants, these approximants are be-
lieved to behave like Taylor polynomials and Padé ap-
proximants, respectively, when the interval of best ap-
proximation is small. Thisleads to the study of best local
approximation.

Supposewe are given aset of discrete data {a;}, which
are the values of some (unknown) function f and its
derivatives at the sample points X, . . . , Xn, Sy

ax=fDx), k=1,...,n

The problem isto give a““best” approximation of f using
the available discrete datafrom some class P of functions
(7n, Rmn, €tc.).

Let us assume, for the time being, that f is known in
aneighborhood of the sample points. It will be clear that
the best local approximant of f (or more precisely of the
data {aj}) does not depend on f, except on itsinterpola-
tory conditions mentioned above. For each k=1,...,n,
let Vi = Xk + e Ak, Where g = g (8) > 0 and tendsto zero
asé — 0and Ax = Ax(8), be uniformly bounded measur-
able sets with unit measure, and let V (§) be the union of
Vi, ..., Va. Now, for each 8, let gs = gs, , be abest approx-
imant of f from P in L[V (8)], where 1< p < oo (and
L will be replaced by C, as usual). Then if g5 — go as
8 — 0, wesay that gp isabest L, local approximant of f
or of the data {a}.

We will discuss only the one-variable setting, although
someof theseresultshave multivariate extensions. Wewil|
alsosaythatanntuple(iy,...,in) of integersis p-balanced
(or simply balanced), if for each j withi; > 0,

n .
> = o))

k=1
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asé — 0. If thisn tupleisbalanced, thentheir sumiscalled
a balanced integer. There is an algorithm to generate all
balanced integers.

Theorem 4. Let(iy,..., i) bebalanced, N itssum,
and Py afully interpolating set of functionsin L 5[V (8)],
in the sense that, for any discrete data {a;x}, there existsa
unique g in P, such that

g(x) = ajx
for j=0,...,ik—1landk=1,...,n. Thenforany f
that isik-times differentiable around x, k=1, ..., n, the

best local L, approximant of f from Py exists and isthe
unique function gy that satisfies the Hermite interpolation
condition

(f = 0)P(x) = 0

for j=0,...,ix—landk=1,...,n. Conversely, toany
n tuple of positiveintegers(cy, . .., Cy) withsum M, there
issomescaling €, (8) > 0 such that thisn tupleis balanced
with respect to {¢ ()}, k=1,...,n; consequently, any
Hermite interpoléation is a best L, local approximation
scheme.

The genera case where (iy, ..., i) isnot balanced is
much more delicate, and the best result in thisdirectionin
the literature is stated as follows:

Theorem 5. Suppose(iy, ..., i) isnot balanced and
N isitssum. Assumethat each Ay iseither aninterval for
each § or isindependent of §. Also assume that

n -1
w@W“”[X}KW“”ﬂ = &+ o(1)
j=1

asé — 0,wherei} + --- + i} isthelargest balanced inte-
ger that does not exceed N. Let Ja(i, p) denote the mini-
mum L , norm on ameasurable set A of the polynomial in
i with unit leading coefficient. Supposethat f isi,-times
differentiable around x¢ fork=1,...,nand 1 < p < cc.
Then the best L, local approximant of f existsand isthe
unique solution of the constrained |, minimization prob-
lem:

. v N (19) i!
min |{ecdn i, p(F — Wit} |
. (f —g)(x) =0
subjectto{jzo,__.,i((—l; k=1,...,n

We remark that if Ay isan interval, then the subscript
A of J can be replaced by [0, 1] and that for p=1, the
[; minimization may not have a unique solution, but if it
does, itisthe best L1 local approximant of f.

In the special case when thereisonly one sample point,
say the origin, then the best L, local approximant to a
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sufficiently smooth function f from Ry, is the [m, n]
Padé approximant of f. We remark, however, that the
convergence of the net of best uniform approximants on
small intervals to the Padé approximant is in general not
uniform, but only in measure.

C. Padé Approximants

As just mentioned, Padé approximants are best local ap-
proximants and include Taylor polynomias, which are
just [m, O] approximants. What is interesting is that Padé
approximants to a formal power series are defined alge-
braically, so that they are certainly well defined evenif the
series has zero radius of convergence. In this case, taking
suitable limits of the approximants on the Padé table can
be considered a summability scheme of the divergent se-
ries. Themost interesting exampleis, perhaps, the Stieltjes

8+ &z + &z’ + -

an=f t" du
0

with u being a positive measure on [0, co). It has been
shown that the diagonal Padé approximants [n+ j, n],
where j isfixed, converge uniformly, in each compact set
in the complex plane that does not intersect the interval
[0, 00), to the Stieltjes integral

|,
o l—zt

provided that the coefficients a, do not tend to infinity too
fast, say

a, = O[(2n + 1)!R™M
for some R> 0. A simple example isa, =n!, where
du = e tdt.

It has been proved, however, that the Padé approximants
to a Stieltjes series diverge along any ray of the Padé table
that is not parallel to the diagonal.

Itisalsointeresting that, while Padéapproximantsalong
the diagonals behave so nicely for Stieltjes series, they do
not necessarily converge even for some entire functions.
One reason is that the distribution of the poles of the ap-
proximants cannot be controlled. Suppose that

f@=a+aiz+---

is actually ameromorphic function. Then along each row
of the Padé table, where the denominators of the approxi-
mants have afixed degree n, the polesof f usually attract
as many poles of the approximants as possible. Results of
thistypearerelated to aclassical theorem of de Montessus
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de Ballore. The following inverse result has been ob-
tained. Let gy, denote the denominator of the [m, n] Padé
approximant of f. Sincenisfixed, weuseany normthatis
equivalent to anorm of the (n + 1)-dimensional space .

Theorem 6. Suppose that there exist nonzero com-
plex numbers z and positive integers p; with py+ ---
+ pk = n, such that

K 1/m
lim sup qmn(z)—j[[l(z—zi)ﬁ =r<1
Then f isanalyticin
1zl <r~*max{|zj|:j +1,...,K}

with an exception of thepolesat z;, .
ities py,..., Pk, respectively.

Without the geometric convergence assumed in Theo-
rem 6, the following inverse result still holds.

.., Zx With multiplic-

Theorem 7. Suppose that
n
Iim am@ =[]z~ 2)
j=1

where 0 < |z1| < --- <|zZn_1| <|zn|. Then f isanalytic
in|z| < |z,| withanexception of thepolesat z;, .. ., z, _1,
counting multiplicities, and has a singular point at z,.

L et usreturnto thediagonal approximants. In particular,
consider the main diagonal of the Padétable: r, = pn/n.
Sincethere exist entire functions whose diagonal Padé ap-
proximants ry, diverge everywhere in the complex plane
except at the origin, it isinteresting to investigate the pos-
sibility of convergence when the poles of r, can be con-
trolled. In this direction, the following result has been
obtained.

Theorem8. Let f(2) —rn(2) =bz?"*1 4 .. .foreach
n=1,2,.... Suppose that r, is anaytic in |z| < R for
al sufficiently large n. Then {r,,} converges uniformly on
every compact subset of |z| < Rto f, sothat f isanaytic
in|zl <R.

It should be noted that no a priori analytic assumption
was made on f. This shows that, once the location of
the poles of the Padé approximants can be estimated, we
can make a conclusion about the analyticity of the formal
power series. This result actually holds for a much more
general domain in the complex plane.

D. Incomplete Polynomials

Loosely speaking, if certain terms in an algebraic poly-
nomial do not appear, it is an incomplete polynomial. We
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shall discuss best approximations by incomplete polyno-
mials. in C[0, 1]. Let H be a finite set of nonnegative
integers, and consider the best approximation problem

f—Z:cixi

ieH
Note that E(f, H)=E.(f) if H=/{0,...,n}. We aso
denote

EX(f)=E(f,{0,....k—1,k+1,...,n})

for any 0 < k < n. Thefollowing result has been obtained:

E(f, H) = inf
[

Theorem 9. Let O0<c< 1. There exists a positive
constant M, independent of n such that, if f isin CK[0, 1]
and f®(c) 0, then

EX() = M [ f9(0)] + o(1)]
asn— oo.
Hence, since E,( f) isof order
O[n ™ En(f®)] = o(n™)

wehave EX(f)/En(f) — oo foreach f inC[0, 1] whose
kth derivative does not vanishidentically in [0, 1]. Soeven
one term makes some difference in studying the order of
approximation.

If only finitely many terms are allowed, the natural
question is which are the optimal ones. Let 0<n <N
and H,+{t1,...,t,} be a set of integers with 0<t; <

- <ty < N. The problem is to find a set H,,, which we
call an optimal set, denoted by H*, such that

E(f, HY) = inf(E(f, Hy): Hn)

An analogous problem for trigonometric approximation
has interesting applications to antenna design where cer-
tain frequencies are to be received by using a specified
number of antennas. Unfortunately, the general problem
is unsolved. We have the following result:

Theorem 10. For f(x)=xM, where M > N, H} =
{N—n,...,N—1} andisunique.

Thisresult can begeneralized to aDescartes system and
even holds for any Banach function space with monotone
norm. In a different direction, the analogous problem of
approximating agiven incomplete polynomia by amono-
mia has also been studied.

Next, consider H,={0,t,..
th <, ...with

.,th}, where O<t; <

.1
DR
il
and set En(f)=E(f, Hy). The so-called MUntz-Szasz’s
theorem guaranteesthat E,(f) — Oforevery f inCJ0, 1].
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Hence, the order of approximation is of interest. Results
in this area are called Muntz—Jackson theorems.

We end our discussion of incomplete polynomials by
considering the density of the polynomials.

n
Pral) = Y b,

k=m(a)

m(a) > na

where0<a< 1.

Theorem 11. If || pn.all isuniformly bounded, then

lim pn.a(x) =0, O<x<a?
n—oo

and the convergence is uniform on every interva [0, r],
wherer < a?.

Thus, the best we can do is to consider approximation
on[a?, 1]:

Theorem 12. Let f € C(a?, 1). Then there exists a
sequence of polynomials py a such that

im pna(x) = f(x)

uniformly on[r, 1] for any r > a2.

E. Chebyshev Center

Suppose that, instead of approximating a single function
f in a normed linear space X from a subset P of X,
we are interested in approximating a bounded set A of
functionsin X simultaneously from P. Then the order of
approximation is the quantity

o (A) = inf{ apllf —gl:ge P}
feA

Of course, if P = P, and Aisasingleton { f}, thenrp(A)
reducesto E,( f), introduced at the beginning of this sec-
tion. In general, rp(A) is called the Chebyshev radius of
A with respect to P. A best simultaneous approximant Xg
of Afrom P, defined by

sup|l f — Xoll =rp(A)
feA

is called a Chebyshev center (or simply center) of A with
respect to P. We denote the (possibly empty) set of such
Xo by cp(A). In particular, we usually drop the indices if
P = X; thatis,

r(A)=rx(A) ad  c(A)=cx(A)

which are simply called the Chebyshev radius and the set
of centers of A, respectively.

Most of the literature in this area is concerned with
the existence problem; namely, cp(A) is nonempty. If
cp(A) # @ for adl bounded nonempty sets A in X, we



Approximations and Expansions

say that P admits centers. A classical result isthat if X is
the range of a horm-one projection defined on its second
dual, then X admits centers. In addition, if X admits cen-
tersand P isanorm-one complemented subspace, then P
also admits centers. An interesting exampleisthe Banach
space of real-valued continuous functions on a paracom-
pact space. Not only doesit admit centers; the set of centers
of any bounded nonempty set A of functionsin this space
isalso relatively easy to describein termsof A. If X isa
uniformly rotund Banach space, then we even have unique
best approximantsin the sense that ¢(A) isasingleton for
any bounded nonempty set A in X. The following result
has been obtained:

Theorem 13. Let X beaBanach lattice such that the
norm is additive on the positive cone, and Q be a positive
linear nonexpansive mapping of X intoitself. Then the set
of fixed points of Q admits centers.

The proof of this result depends on the fact that the
Banach lattice X described here admits centersitself.

Now supposethat X isaHilbert spaceand B itsunit ball.
Then ahypercirclein X isthe (nonempty) intersection of
some translate of a closed linear subspace of X withr B
for somer > 0.

Theorem 14. The Chebyshev center of any hypercir-
clein aHilbert space is the unique e ement of minimum
norm.

Thisresult isbasic in the study of optimal estimation.

F. Optimal Estimation and Recovery

Suppose that a physical object u is assumed to be ad-
equately modeled by an unknown element x, of some
normed linear space X, and observationsor measurements
are taken of u that give a limited amount of information
about x,. The data accumulated, however, are inadequate
to determine x, completely. The optimal estimation prob-
lem is to approximate x, from the given data in some
optimal sense. Let us assume that the data describe some
subset A of X. Then the maximum error in estimating x,
from Ais

sup|l f — Xull
feA

In order for thisquantity to befiniteit isnecessary and suf-
ficient that A isabounded subset of X, and we shall make
that assumption. To optimize our estimate with only the
additional knowledgethat x,, must liein some subset P of
X we minimize the error, and this |eads to the Chebyshev
radius
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re(A) = inf{ sup|| f —x||:x € P}
feA

of A with respect to the “model” set P. A (Chebyshev)
center, if it exists, isan optimal estimation of x,.

A related but somewhat different problem in best ap-
proximation is optimal recovery. Let x be in a normed
linear space X, and U an operator from X into another
normed linear space Z. The problemisto recover Ux from
alimited amount of information about x. Let | bethein-
formation operator mapping X into another normed linear
space Y. Suppose Ix is known. To estimate Ux, we need
an operator A fromY to Z, so that Alx approximates UX.
A iscalled an algorithm.

Usually, we assume that x is restricted to a balanced
convex subset K of X. Here, K is said to be balanced
if ve K impliesthat —v € K. If the information Ix of x
may not be precise, say with sometolerancee > 0, thenan
agorithm A that is used to recover U x has the maximum
error

E(A) = sup{lUx — Ay|:x € K, [[Ix -y < &}

Hence, to recover Ux optimally we have to determine an
agorithm A*, called an optimal algorithm, such that

E(A") = inf E(A)

It should be remarked that an optimal algorithm may be
nonlinear, athough linear optimal algorithms exist in a
fairly general situation. A lower bound of E(A*) usually
helps, and it can be found in

E(A") > sup{lUx| : x € K, [[I X]| < &}

There has been some progressin optimal recovery of non-
linear operators, and results on the Hardy spaceshave also
been obtained. It is not surprising that (finite) Blaschke
products play an essential role here in the HP problems.

G. n Widths

Let A be asetin anormed linear space X that we wish
to approximate from an n-dimensional subspace X, of X.
Then the maximum error (or order of approximation if A
isthe unit ball) is the quantity

E(A, Xn) = supinf{|ix =yl 1y € Xa}
XeA
It was Kolmogorov who proposed finding an optimal
n-dimensional subspace X, of X. By this, we mean
E(A, X,) = iQf E(A, Xn)
where the infimum is taken over all subspaces X, of

X with dimension at most n. This optimal quantity is
called the Kolmogorov n width of A and is denoted by
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dn(A) = dn(A; X). Knowing the value of d,(A) isimpor-
tant inidentifying an optimal (or extremal) approximating
subspace X, of X.

Replacing the distance of xe A from X, in
Kolmogorov’s definition by the distance of x from
its image under a continuous linear operator P, of rank
at most n of X into itself yields the notion of the linear n
width of Ain X, defined by

5n(A) = én(A; X) = inf sup |Ix — Pyx|
Pn xeA
It is clear from the two definitions that §,(A) > dn(A).
A dua to the Kolmogorov n width is the Gel’fand n
width defined by

d"(A) =d"(A; X) =inf sup [Ix||

i
Ln xeAnL,

where L, is a closed subspace of X with codimension at
most n. It has also been shown that d"(A) is also bounded
above by the linear n width §,(A). To provide a lower
bound for both d,(A) and d"(A), the Bernstein n width
defined by

bn(A) = bn(A; X) = Sup sup{t :tB(Xn11) S A}
could be used. Here, X, is a subspace of X with di-
mension at least N+ 1, and B(X,11) is the unit ball in
Xni1.

An important setting isthat A is the image of the unit
ball in anormed linear space Y under some T € L(Y, X),
the class of all continuous linear operators from Y to X.
Although the set A is not TY, the commonly used nota-
tionsin this case are d,(TY; X), 8n(TY; X), d(TY; X),
and by (TY; X). Let C(Y, X) be the class of al compact
operatorsin L(Y, X). Then the duality between d, and d"
can be seen in the following theorem:

Theorem 15. Let T eL(Y, X) and T* € L(X*, Y*)
be its adjoint. Suppose that T € C(Y, X) or that X isa
reflexive Banach space. Then

dn(TY; X) = d"(T*X*; Y%
and
Sn(TY;X) = 8n(T*X*; Y¥)

Let us now consider some important examples. First,
let A betheunit ball B',§ of functionsin the Sobolev space
Hr‘j = H‘,;[O, 1 with || f®], <1, where1 < p < co. Also,
let g bethe conjugate of p. Thefollowing result describes
the asymptotic estimates of d,, d" and §,. We shall use
the notation d, ~ nS to mean C1n° < d, < C,n® for some
positive constants C; and C, independent of n.
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Theorem 16. Letk> 2. Then

n—k l<sr=p=o
o 2<p<r<oo
kel ) A - -
h(Bpi L) ¥ ) poteasp-arz lsp=2=r=oo
n~kH/p-1r - 1<p<r<2
n—k l<sr<p=o0
o l<p<r<2
n(pk. ~ -
d (Bp.l—r)"’ I,]_k-|-1/2—l/r’ 1< pSZSI’SOO
n~ktl/p-1r - 2<p<r<oo
and
nk 1<r<p=<oo
nTkEY/PET 1<p<r<2
o 2<p<r<oo
on(BpiLr) ~ {n™4/PY2 1<p<2<r=<oo
and g=>r
n—k+1/2—1/r’ 15 pEZEr <00
and q<r

For the discrete case R™, let B, denote the unit ball us-
ing the | ,(R™) norm, and set X =1,,(R™). Thefollowing
estimates have been obtained:

Theorem 17. There exist constants C and C, inde-
pendent of m and n such that
dn(B1; X) < Cif?/n (1)
dn(B1; X) < 2[(Inm)/n]*2 @)
d(B;; X) <Can™¥2  if n<m<n® 3

n 1/2
dn(By; X)gC[(l+|nE>/n} (@]

dn(By; X) < 8<%>/n”2 (5)

_ -1/2

dn(By; X) > <1+ %) (6)
3/2

dn(B2; X) < C<1+ In %) /n1/2 (7)

Ill. BIVARIATE SPLINE FUNCTIONS

Spline functions in one variable have proved to be very
rich in theory and extremely useful in applications. How-
ever, not much was done in the multivariable setting until
the 1980s, and at this writing, many basic questions con-
cerning dimensions, bases, minimum supported elements,
interpolation, approximation order, shape-prescribed or
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shape-preserving approximation schemes, computational
agorithms, and so on are still unanswered. In fact, many
of the very fundamental problems do not seem to have
satisfactory solutions. This is an area in approximation
theory that requires much research effort. In this section
we discuss only some selected basic results in the two-
variable setting, although most of the results here could
be obtained in higher dimensions. A different aspect of
the multivariable theory is discussed in Section VIII.

Since spline functions in one variable (or univariate
splines) are piecewise polynomials separated by points,
spline functions in two variables (of bivariate splines) are
piecewisepolynomialsseparated by curves. If thebivariate
splines are to be continuous, these curves, which we call
grids, are necessarily algebraic. In fact, if the restrictions
of sto D; and D, are polynomials p; and p,, respectively,
and D;, D, are separated by an (algebraic) curve C repre-
sented by an irreducible polynomial equation | (x, y) =0,
then a necessary and sufficient condition that s isin CK
on D; UC U D, isthe existence of a polynomial g;» with
p1 — P2 = 0ol “*L. Since the factor 1X+1 determines the
smoothing condition of the bivariate spline s, it is called
the smoothing factor of s acrossC, and the polynomial g
is called a smoothing cofactor of s. Note that g1 = — 012
and g;, uniquely determiness on D5, if sisalready known
on D1.1f Cq,..., C, areagebraic curves with acommon
point of intersection A, called a vertex, and separate the
domains Dy, ..., Dy, andif the restriction of aCK bivari-
atesplines on D; isapolynomial pj, then the smoothing
cofactorsof sacrossCy, . . ., C, must satisfy thefollowing
conformality condition.

gal 1)k+l R ¢ i ( n—l)k+l + qn,l(ln)k-’—l =0

wherel(x, y) =0 is an irreducible polynomia equation
of C;. Hence, a bivariate spline s on aregion D in R?
that is partitioned by algebraic curves is uniquely deter-
mined by all smoothing cofactors that satisfy the confor-
mality conditions around each interior vertex as long as
one polynomial piece is prescribed. This simple observa-
tion allows us to study the dimensions of bivariate spline
spacesandto construct basiselements, particularly locally
supported bivariate splines. However, even the dimension
on avery simple grid partition is “unstable” in the sense
that a perturbation would change the dimension. Among
the “stable” bivariate spline spaces are those with ray (or
quasi-cross-cut) partitions. Let D be a simply connected
domain in R?. A ray partition A of D is one that each
(polynomial) curve C must have at least one end point
that lies on the boundary of D. The other end point must
either be an interior vertex or aso lie on the boundary of
D. In the latter case, C is called a cross-cuts of D. Sup-
posethat there are m cross-cuts with (irreducible) degrees
dy,...,dnandninterior vertices Aq, . . ., An, suchthat the
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raysthrough A; are represented by irreducible polynomi-
aslii, ..., lin withdegrees fi 1, ..., fin, respectively.
Then we have thefollowing result on the dimension of the
space S of all Ck bivariate splines on D with degree d
and grid partition A.

Theorem 18.

dim & = (d+2>+ i( (k+1)dJ +2>
=
+ij
j=1

where bj =dimV; and

+

Vj = {(ql, ceey qnl) YO0 € Td—(k+1) £} 5

3 gl )t = 0}
i=1

However, the dimension b; is difficult to determine in
general. Inthe particular case where all f;;’sare equal to
1, then we have, using the notation N =n;,

. 1 k+1

x[(N—l)d—(N+1)k+(N—3)

wafi]

with [x] dencting the integral part of x.

A basis of the above bivariate spline space can be con-
structed, but there may not be any locally supported func-
tionsin general. Much work has been donein thethreeand
four-directional meshes. Let us assume that two of the di-
rections in each case are parallel to the x and y axes, and
to be more specific let the horizontal and vertical grids be
x=1iand y=i withi € Z. Then athree-directional mesh
isaunidiagonal triangulation and afour-directional mesh
isacrisscrosstriangulation of auniform rectangular parti-
tion. They arealso called type| and type Il triangulations,
respectively. Even in these special cases many interesting
and unexpected results have been obtained. For instance,
minimum-supported splines may be linearly dependent,
some functions in % cannot be locally reproduced, and
even the optimal approximation orders are somewhat un-
expected.

We discuss only the three-directional mesh here. The
approximation order of S is an integer m such that dist
(f, &) =0(h™) for al sufficiently smooth functions f
and dist(g, &) # o(h™) for some C* function g. Here, S,
is simply the space of all s\(x, y) =s(x/h, y/h), where
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se . Let m(d) = min{2(d — K),d +1}. It is known
that, if k < (2d — 2)/3, thenm(d) — 2 < m < m(d). For in-
stance, for S}, m(d) =4 and misknown to be 3. Itisalso
known that if k > (2d — 2)/3, then m=0. These results
were proved using box splines, which are discussed in
Section VIII.

Whilethe exact value of misstill unknown evenfor the
three-directional mesh that we discuss here, the controlled
approximation order with respect to box splines has been
determined. Let {B?, ..., BN} bethe collection of all box
splinesin S. Then the controlled approximation order of
S, with respect to box splinesisthe largest integer n such
that

i=1 zeZz2

N .
f—ZXﬂmwG—%‘awwmm

for some sequence w(j) satisfying
[wfO)],. <Clflle. i=1....N

where C is an absolute constant, and f and C* function.
In Section V111, it will be seen that oo can be replaced by
any p, 1< p < oo, even when the controlled condition on
the weightsis replaced by a “local” one.

Theorem 19. Let S, bethe scaled three-directional
mesh of % Then the controlled approximation order of
S» with respect to all box splines of S is

2d -2k for 2d—-3k=2 (@)
27d—-2k—1 for 2d—-3k=3 or 4 (2

d+1 for k=0 (3)
min{2d -2k —2,d} for k>1 and 2d—-3k=>5
©)

However, the controlled approximation order of S, with
respect to all minimum-supported splinesisstill unknown.

When the rectangular partitions are nonuniform, the
unidiagonal and crisscross triangulations are no longer
three- and four-directional meshes. The dimensions of
these spaces are still unknown except for the cases when
d — kissufficiently largeor whenk = 1, 2. Itisalsoknown
that, while the support of the S} minimum-supported bi-
variate splines on the crisscross triangulation is indepen-
dent of the uniformity of the rectangular partition, the
corresponding statement for St on the unidiagonal tri-
angulation is false. In fact, even the support of the box
splines, which are larger in this case, is not preserved un-
der nonuniform perturbation of the rectangular partition,
andif one minimum-supported splineinthe perturbed case
hereisused, thetotality of all its“translates” does not nec-
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essarily produce constants. Thereis still no general result
in the nonuniform setting.

When atriangular grid partition isconsidered, it is usu-
ally moreconvenient to useBézier (or Bernstein) represen-
tations of the polynomial pieces. Smoothing conditionson
the adjacent polynomial pieces are expressed in terms of
certain relations on the Bézier coefficients. Many interest-
ing formulas have been recently obtained. These formulas
haveapplicationsto constructing Hermiteinterpolantsand
guasi interpolants to scattered data and a so have nice ap-
plications to computer-aided geometric designs.

IV. COMPACT OPERATORS
ANDM IDEALS

Since the mid-1970s, a branch of approximation theory
called operator approximation has come into vogue. This
area is concerned with the approximation of an opera-
tor from afamily of operators with some nice structures,
namely, positive operators, self-adjoint operators, normal
operators, compact operators, or operatorswith morethan
one of these properties. Since the majority of the research
papersin this area have been concerned with compact op-
erator approximation, welimit ourselvesto the discussion
of thistopic. Let B(X) denote the class of bounded linear
operators on a Banach space X, and C(X) the subcollec-
tion of compact operators on X. The general question of
interest is the existence of a best approximant to a given
operator T in B(X) from C(X). If every T in B(X) hasat
|east onebest approximant from C(X), wesay that C(X) is
proximal in B(X). It iswell known that, if X isaHilbert
space, then C(X) is proximinal in B(X). The following
result on Banach spaces is worth stating:

Theorem 20. Let 1< p<oo. Then C(l,) is prox-
imina in B(l,). However, C(X) isnot proximina in B(X)
for X=C[0,1] or X=L,[0,1],1<p<oo, p#2

Nevertheless, certain bounded linear operatorsin B(L )
may still have best compact approximants. Let B1(L ) be
the collection of T in B(L ) such that || T X,|l, — O for
every uniformly bounded weakly null sequence {xn} in
Lp. Also, let By(L ) be the integral operatorsin Bi(L p).
The following result holds:

Theorem 21. C(L,) is proximinal in By(Lp) for
2< p<ooandisproximina in By(L ) for 1 < p < oo.

If H isaHilbert space, every Hankel operator in B(H)
hasabest compact Hankel approximant. Using somefunc-
tion theoretic arguments, the following result can then
be obtained. Here, H> will denote the Hardy space of
bounded analytic functionsand C the space of continuous
functions.
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Theorem 22.
Lee.

It should be remarked that, although this theorem does
not seem to be a result in operator approximation, it is
indeed related to best approximation by compact Hankel
operators. For thel, spaces, if welet P, be the norm-one
projection of |, onto the first n coordinate vectors, the
following distance formulais obtained:

H + C isaproximinal subspacein

Theorem 23. Let T bein B(lp), where1l < p <oo.
Then ||P{-T P — dist[T, C(lp] asn tends to infinity.

For p=2, P, could be chosen as a norm-one projec-
tion onto the first n vectors of any orthonormal basis. It
is important to remark, however, that nothing has been
mentioned about uniqueness. In fact, if T is a noncom-
pact bounded linear operator inl,, where 1< p<oo, T
has “many” compact best approximants. This observation
follows from the fact that C(l ) isan M ideal in B(l ).

The notion of an M ideal in a Banach space was in-
troduced in the early 1970s. A closed subspace Y of a
Banach space X isan M ideal in X if itsannihilator Y. is
an L summand of the dual space X*. Thisin turn means
that Y= is the range of an L projection defined on X*,
that is, a projection Q: X* — Y= with the property that
IfIl=1Qf|+|f+ Qf] forevery f in X*. Theimpor-
tance of M ideals in approximation theory isthat M ide-
asare proximinal subspaces with certain special approx-
imation properties. For instance, (1) the metric projection
Py onto Y satisfies the Lipschitz condition dy[Py(X),
Py(y)] <2|lx —y]| for al x, y in X, where dy denotes
the Hausdorff distance, and (2) there exists a continuous
homogeneous selection for the metric projection Py . Per-
haps the most remarkabl e approximation characteristic of
M idealsisthe following result:

Theorem 24. LetY bean M ideal inaBanach space
X and x bein X\Y. Then Py(x) algebraically spans'Y.

We have already seenin Theorem 20 that C(l ) is prox-
iminal in B(l ), where 1 < p < oo. It is aso known that
C(lp)isan M ideal in B(lp), 1 < p<oo. Infact, C(lp) is
theonly M ideal in B(lp).

Theorem 25. Let Z be a subspace of |,, where
1 < p < oo. Then the compact operators on Z form an
M ideal in the space of bounded operators on Z if and
only if Z hasthe compact approximation property.

In the same direction as Theorem 22, the following re-
sult can be proved:

Theorem 26. The compact Hankel operators form
an M ideal in the space of Hankel operators on a Hilbert
space.
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M ldeals have other important structures. For instance,
an M ideal of aBanach algebramust be an algebra, and if
Q isacompact Hausdorff space and A afunction algebra
contained in C(2), thenthe M idealsof Aareprecisely the
closed ideals with a bounded approximate identity. If, in
particular, Aisthedisc agebra, thenthe M idealsof Aare
exactly the two-sided ideals with norm-one approximate
identity. In addition, the following interpolation result has
been obtained:

Theorem 27. Let f be in the disc algebra A
and for each n=1, 2,...,E, be a closed subset of
the unit circle with linear measure zero such that y, =
log(]| f I T/|| f|lg,) — O. Then there exist minimal norm
interpolants s, of f satisfying (f — sy) e Yoa={ge A:
dg(En) =0} suchthat || f — s,|| = O(yn). Furthermore, the
rate of convergence O(yy) cannot be replaced by o(y;) in
general.

V. CONSTRAINED APPROXIMATIONS

In many approximation and interpolation problems,
the approximants, which may also be interpolants, are
required to satisfy certain constraints. The constraints
may be explicit conditions imposed on the approximation
problems, or they may be certain specific properties of
the mathematical model or datathe approximantsare sup-
posed to preserve. In general, constrained approximation
problems are nonlinear, and some important problems
do not even have analytic solutions. We mention a few
such problems. The examples we have chosen should
not be construed as the most important work in this area
but should be thought of as illustrating the results of the
subject.

We first limit oursel ves to approximation by polynomi-
as and splines in one variable. For polynomial approx-
imation in the uniform (or supremum) norm || ||, the
following result is known:

Theorem 28. Letk beany nonnegativeinteger. Then
there exists a constant C such that for any function f in
CK[0, 1] satisfying f' > 0and any integer n>k + 1

inf{|| f — pllo: P’ = 0, papolynomia of degree < n}
<Cn*w(f® n7t)

where w(-, n1),, denotes, as usual, the modulus of con-

tinuity in the uniform norm.

This result essentially says that monotone approxima-
tion by polynomials retains the same order of approxima-
tion as unconstrained approximation. For spline approx-
imation, an analogous result has been obtained, and this
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result holds even in the L setting. Let S denote the
space of al kth-order splines s with knotsati /N, i =0,
..., N, suchthat s’ > 0. We have the following result:

Theorem 29. Let 1< p<oo and k be a nonnega-
tive integer. Then there exists a positive constant C such
that for any monotonically nondecreasing function f with
f)eLy[0,1],if 1< p>oo,or ) eC[0,1],if p= oo,
where0< j<k—1,andforany N=1,2,...

inf{|lf —sllp:se Sy} < CNTw(fl), N‘l)p

We now turn to the interpolation problem but con-
centrate only on spline interpolation. Let O=ty<t;
< .-ty <tyy1=1.Definingt; for j <Oand j > n+ lar-
bitrarily aslong ast;j <t forall j, wecanuse{t;} asthe
knot sequence of the normalized B splines N;j y of order
k. Let HS = H[O, 1] denote, as usual, the Sobolev space
of functions f in Ck-1[0, 1] with f&-1 absolutely con-
tinuous and f® in L 5[0, 1]. The “optimal” interpolation
problem can be posed as follows. Let {g;},i=1,...,n,
and

<9, = (] 191, £ <HE. 10) = 0.1 = 1.0}

if 1< p<oo,sadwaysexists,andif 1L < p<ooandn >Kk,
sisalso unique. It is aso known that, for 1 < p < oo and
n=>Kk,
s = |h|91sgnh

where h is some linear combination of the normalized
B splines N; x and g the conjugate of the index p. Sup-
pose that the data {g; } are taken from some function g in
CK[0, 1]. Then the constrained version of the above prob-
lem is determining an s in H',; such that s(tj) = g(t;) for
i=1,...,n,s%>0and

[s¥ = inf{] f€ = f € HE ft) = g(t), ¥ =0}

Again for 1< p<oo and n>k, s exists and is unique.
In fact, the following result is known. To formulate the
result, we set

d| = [tiv"'sti+k]g

wherethedivided difference notation has been used. Al so,
let x a denote the characteristic function of aset A.

Theorem 30. The unique function s described
above is characterized by

1
/ sONix = d
0

fori=1,...,n—k,and
gq-1

n—k
st = (Zaj Nj,k) XA
j=1

+
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where g is the conjugate of p and
n—k
A=10,1] U{(tj,tj+k)idj =0}
j=1

We observe that if p=2, sothat q—1=1, then s is
in Ck-1 and is a piecewise polynomial of order 2k. Re-
cently, an analog to the perfect spline solution of the un-
constrained problem has been obtained for case p = cc.
However, with the exception of some simple cases, no
numerical algorithm to determine s is known.

To describe computational methods for shape-
prescribed splines, it is easier to discuss quadratic spline
interpolation. It should be clear from the above result that
extraknots are necessary. Let these knotsbe xy, ..., Xn_1
with t <X <tj,q and let {yi,m;i}, i=1,..., n, bea
given Hermite data set. Then a quadratic spline s with
knotsat {ts, ..., th, X1, ..., Xn_1} iSuniquely determined
by the interpolation conditions s(tj)=y; and S'(t))=m,
fori=1,...,m. The slopes of s at the knots x; can be
shown to be

2(Yiyr — Vi) — (X = t)my — (b2 — X)Miy1
Gy — 1

fori =1,...,n— 1. Hence, theknot x; isnot activeif and

only if

s'(x) =

My +M Vi — Y
2 i —t
In general, the dopes m; are not given and can be
considered parameters to ensure certain shape. For in-
stance, if mim;; >0, a necessary and sufficient con-
dition that mis(t)zo for i <t <ty is |(x — t)m; +
(tira—X)Miy1l <21yt — Vil
Similar conditions can be obtained for comonotonic-
ity and convexity preservation. For practical purposes, the
slopes m; could be selected as a weighted central differ-
enceformulafor 2 <i <n— 1 and aweighted noncentral
formulafor i =1 and n, so that the artificial knots x; can
be determined using the corresponding necessary and suf-
ficient condition such as the inequality mentioned above.
Such an algorithm has the advantage of being one-pass.
Cubic splines could be easily used for monotone ap-
proximation. In fact, if n > 2, there is a uique function s
such that s” satisfiess’' > 0, s(tj) = g, and

IS"ll2 = inf{| "l|2: f € HZ, f(t) =g, f' >0}

Theunique solution sisanatural cubic splinewith at most
2[n/2] + 2 extraknotsin additiontotheknotsatt;, . . ., t,.

Much more can be said when the Hilbert space HX is
considered. For instance, let C be a closed convex subset
of Hg. This may be a set of functions that are positive,
monotone, convex, and so on. The following result has
been obtained:
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Theorem 31. LetgeCc HXandn>k+1. Then
there is a unique function s, in C such that s,(tj) = g(t;)
fori=1,...,n,and

¥, =nf{[ £, f € HE. £() = g0). F < C)

Furthermore, s, isapiecewise polynomial of order 2k, and
if s& denotes the (unconstrained) natural spline of order
2k interpolating the same data, then

& - 9%, < |- 9%,

Conseguently, the rate of convergence of the con-
strained interpolants s, to g is established. Another con-
sequence is that the convergence rate for splines interpo-
lating derivatives at the end pointsremainsthe sameasthe
unconstrained ones.

We now give a brief account of the multivariable set-
ting. Minimizing the L, norm over the whole space R®
of certain partial derivatives gives the so-called thin-plate
splines. So far, the only attempt to preserve shape has
been preserving the positivity of the data. Since the nota-
tion hasto be quite involved, we do not go into detail s but
remark that the convergence rate does not differ from the
unconstrained thin-plate spline interpolation. It must be
mentioned, however, that thin-plate splines are not piece-
wise polynomials. Piecewise polynomials satisfying cer-
tain smoothness joining conditions are discussed in the
sections of bivariate splines for two variables and multi-
variate polyhedral splines for the general n-dimensional
setting. Results on monotone and convex approximation
by piecewise polynomials, however, are not quite com-
plete and certainly not yet published.

VI. FACTORIZATION OF
BIINFINITE MATRICES

There has been much interest in biinfinite matrices. We
will discuss this topic only from the view of an approxi-
mation theorist, although biinfinite matrices have also im-
portant applications to signal processing, time series, and
so on. The importance of biinfinite matrices in approx-
imation theory can best be explained via the following
(polynomial) spline interpolation problem.

Let t:--- <t <ti;1 < --- be a knot sequence and
X:--- <X <Xjip1 < ---aseguence of sample points. If a
certain sequenceof data{(x;, yi)} isgivenwhere{y;} €,
we would like to know the existence and uniqueness of a
kth-order spline s with knots at t such that s(x;) =; for
al i and se L. If we write s as a linear combination
of the normalized B splines Nj = N;j x (, the interpolation
problem can be expressed as a hiinfinite linear system
Ax=ywherey=[---Vi, ¥it1,...]" and A=[a;], with
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a; = Nj(x). Hence, the biinfinite (coefficient) matrix A
can be considered an operator from |, into itself. If Ais
surjective, then abounded splineinterpolant s exists, and
if Aisinjective, thensisuniquely determined by theinter-
polation conditions(x) =y +i,wherei =...0,1,....1t
isclear that A cannot beinvertible unlessit isbanded, and
using the properties of B splines, it can be shown that A
istotally positive.

Generally, certain biinfinite matrices A=[a;;] can be
considered as operators on |, as follows. Let A{x;} =
{AX; }, with Ax; = Zj ajXj, where {x;} isafinitely sup-
ported sequence. Then the definiton can be extended to all
of I, using the density of finitely supported sequences. If
the extension is unique, we denote the operator also by A
and usethe usual operator norm || Allp. Let {e; } bethe nat-
ural basis sequence with g (i) = §;;, and denote by P, the
projection defined by P,e; =e; for |j| <n and zero oth-
erwise. Therefore, the biinfinite matrix representation of
Pnis[pij], where pij = 6;j for | j| < n and zero otherwise.
For any biinfinite matrix A, we can consider itstruncation
A, = P,AP,. Also, let S be the shift operator defined by
Sej =ej;1. Then(S A)n(i, j)=0if [i|>nor|j|>nand
= g _rj otherwise. That is, S shifts the diagonals of A
down by r units.

We use the notation A€ B(l) if A, considered an op-
erator on |, is a bounded operator. We also say that A
is boundedly invertible if, as an operator on |5, A is both
injectiveand surjective. Inorder to extend theimportant re-
sultsinfinitematrices, itisimportant to beabletoidentifya
“maindiagonal” of A. Perhapsthefollowingisagood def-
inition of such diagonal. Ther th diagonal of Aismain if

Iimsup”(S’A);lHp < 00

Clearly, the zeroth (or central) diagonal of the identity
operator | on I, is main, and in fact if both 1 +- K and
itsinverse are in B(l ), the zeroth diagonal is also main.
Another example isthat, if ||K|, < 1, then the zeroth di-
agond of | + K isamain diagonal. For the Hilbert space
[, in particular, it can be verified that, if A is a positive
definite symmetric matrix such that both A and A~* are
in B(l,), then the zeroth diagonal of A ismain. For Iy, if
A is column diagonally dominant such that A and A2
arein B(l1), then again the zeroth diagonal of Aisamain
diagonal.

Thefollowing resultisimportant in splineinterpol ation:

Theorem 32. Any totally positive biinfinite matrix
A such that both A and A~* arein B(l,,) has a unique
main diagonal.

Thistheorem allows usto concludethat A=t ischecker-
board with the main diagonal containing only positive en-
tries, so that a bound on the local mesh ratio in spline
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interpolation can be obtained in terms of the norm of
AL, We remark that there are many other possible and
plausible definitions for a main diagonal of a biinfinite
matrix.

In solving a biinfinite linear system as discussed ear-
lier, a Gauss elimination procedure quite often factors the
coefficient matrix A as A= LU, where L isaunit lower
triangular matrix with the zeroth diagonal asitsrightmost
(nontrivial) band, and U is an upper triangular matrix.
Thisis caled an LU factorization of A. We say that an
LU factorization is invertible if each factor is bounded
and boundedly invertible, with L~ and U ~* being again
lower and upper triangular, respectively.

Theorem 33. Let A be totally positive with both
A and A=t in B(ly,). Then there exists a unique r such
that S A=LU,whereL, L7, U, Ut arein B(l.), L,
L~ being unit lower triangular and U, U ~* being upper
triangular biinfinite matrices. Furthermore, if we write

(Sr A)n = LnUn
for eachn, then L, — L and U, — U entrywise.

It is clear that the LU factorization above is unique.
However, it would be even better if U were the transpose
of L. Such afactorization is called a Cholesky decompo-
sition. We have the following result:

Theorem 34. Let Abeapositive definite symmetric
matrix with A and A~? in B(l,). Then A has a unique
Cholesky decomposition; that is, A=LLT, where L and
L~ are lower triangular biinfinite matricesin B(l,) with
;i > 0. Furthermore, L isunique, and writing A, = L,L],
wehavelL,— L andn— oco.

Thefollowing result for |, isaso of some interest.

Theorem 35. Let A be acolumn diagonaly domi-
nant biinfinite matrix with Aand A=tin B(l). Thenthere
isauniquefactorization A= LU, whereL, L~ are B(I%)
unit lower triangular, and U, U ~* are B(I) upper triangu-
lar. Furthermore, writing A, = L U, wehave Lyx — LX
andUyx — Ux foral x € I;.

Certain biinfinite matrices have more refined factoriza-
tions. Wewill call aone-banded biinfinitematrix R=[r;;]
elementary if rjj =1 and r;; =0 for al i and j with
j<i—2o0rj>i.

Theorem 36. Any strictly m-banded totally positive
unit lower triangular biinfinitematrix A hasafactorization
A=R;---RywhereeachR;,i =1,...,m,iselementary.

Hence, if Aisnot necessarily unit but is m-banded to-
tally positive and lower triangular, then A=R; - - - Ry B,
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where B is a diagona matrix with positive diagona
entries.

We concludethissection by stating afactorization result
of block Toeplitz matrices.

Theorem 37. Let A be totally positive biinfinite
block Toeplitz, with block size at least 2, and unit lower
triangular. Write A=[A;;], where Ajj = A for dl i and
j withi = j +k, and denote

A@R) = i At
k=0

Then

00 o0 -1
A =[]l +a@]c@ ( [0 - bk(z)]>
k=1 k=1

where | +a(z) and | —by(z) are the symbols of one-
banded block Toeplitz matrices with ax(1), bx(1) > 0 and
> [ax(1) + bk (1)] < oco. Furthermore, ¢(2) is the symbol
of atotally positive block Toeplitz matrix with ¢(z) and
¢ 1(2) entire, and det c(z) = 1.

VII. INTERPOLATION

The theory and methods of interpolation play a central
rolein approximation theory and numerical analysis. This
branch of approximation theory was initiated by Newton
and Lagrange. Lagrange interpolation polynomials, for-
mulated as early as 1775, are still used in many applica-
tions. To be more explicit, let

Api=1<thi<---tn=<1
be a set of interpolation nodes (or sample points) and

() = [ J(t = toi)/(tosc — toi)
i £k
Then for an given set of data Y ={y;, ...
nomial

, Yn}, the poly-

n
Pa(t) = Pt Y. An) = D Yidn(t)
k=1
interpolatesthedataY on Ap. Itisinteresting that, evenfor
uniformly spaced A, there exists a continuous function
g on[—1, 1] such that the (Lagrange) interpolating poly-
nomials pn(t) toy; = g(tni),i =1, ..., n, donot converge
uniformly to g(t) on[—1, 1]. Thisleadsto the study of the
L ebesgue function and constant defined, respectively, by

ln(t) = In(t; An) = Y llak(®)]
k=1
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and
In =1n(An) = max{la(t): -1 <t < 1}
The following result indicates the divergence property of

In(t):

Theorem 38. There exists a positive constant C
such that, for any sequence of positive numbers e, and
any Ay, thereis aset Hy(e,, An) of measure no greater
than e, with

[h(t) > Ce,lnn
fort € [-1, 1]\ Hn(en, Ap) andaln=1,2, ....

Hence, 1, =0(Inn) is the best we can expect for
various choices of Ap. A natural (and amost best) choice
of A, istheset

Tnz{coswzkzl,...,n}
2n

of roots of the nth-degree Chebyshev polynomial of the
first kind. In this case, the asymptotic expression of the
L ebesgue constant is given in the following expression:

Theorem 39.
2 8 8 &

[n(Ty) — —(Inn +y+ In—) ~ = E (-1)s1
T T T s—1

(2571 — 1)2 72 Bzzs /(25)!(23)(2n)25

where y is the Euler constant and B, are the Bernoulli
numbers.

The best choice of A, could be defined by A, where
In(A%) = inf{ln(An): An}

and we set I' =1,(A}). It is known that A} exists and
is unique. In fact, it is characterized by the localization
condition

max{ln(t; An) i thi <t <tnit1} =In(An)

for i=1,...,n—1. Let us denote the above localized
maximum by | (An). Then the (modified) roots of the
nth-degree Chebyshev polynomials are known to satisfy

max Iy (Tn) — minly (T,) < 0.0196
I I

for al n > 70, where the modification isjust alinear scal-
ing, mapping the largest and smallest roots to the end
points of [—1, 1]; namely,

T A
T, = (cos%>Tn
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This is the reason that modified roots of the Chebyshev
polynomials are believed to be an “amost best” choice
of An.

For each choice of A, there is some continuous func-
tion f such that the corresponding Lagrange polynomial
interpolation to f does not even converge in L,. Some
extrainterpolating conditions are required to increase the
chance of convergence. We first discuss interpolation at
the roots xnx = Xnk(w) of the (generalized) Jacobi orthog-
onal polynomials corresponding to a“‘smooth” weight w.
Let Xno = —1, Xn.ne1 =1, and

Lo = LEIC, £) = LEY(w, f, (X))

denote the interpolating polynomial of f satisfying the
interpolating conditions

Lo(x) = f(xw), k=0,....,n+1
D'La(1) =0, l=1...,r—1
and
D'Ln(-1) =0, l=1,...,s—-1

Theorem 40. Let u be a nonnegative function not
identically equal to zeroon[—1, 1] and bein (L log*L)p,
where 0 < p < co. Then

lim [[LE9¢ ) = fOuO], =0
foral f inC[—1, 1] if and only if both
(1 _ X)—f+l/4(1 + X)—s+1/4[w(x)] 1/2
isinL, and
u)(L = x)" VAL 4+ x)S  w(x)] 2

isin L. Furthermore, theconditionthat uisin (L log*L),
cannot be replaced by u € L.

It should be mentioned, however, that to every contin-
uous function f there exists a sequence of interpolation
nodes Ap, such that the Lagrange interpolation polynomi-
asof f a A, converge uniformly to f on[—1, 1]. Fejér
arranged the interpolation nodes for Hermite interpola
tion and gave an easy proof of the Welierstrass theorem.
His polynomials, which are usually called Hermite-Fejér
interpolation polynomials, are defined by the interpola-
tion condition Hp(Xnk, f)= f (Xnk) @and DHp(Xnk, f)=0
fork=1,...,n,where{x.\} =T, aretheroots of the nth-
degree Chebyshev polynomial. Later, other choicesof A,
were also studied, and results on approximation orders,
asymptotic expansions, and so on were obtained. For in-
stance, the following result is of some interest:

Theorem 41. Let C, denote the nth-degree
Chebyshev polynomial of the first kind and H,(-, )
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denote the Hermite-Fejér interpolation polynomia of a
continuous function f at theroots T, of C,. Then

[Hn(x, f) — (x|

= 0(1){ > iizw[f, iﬁ(l_ X2)V/2 5 |Cn(x)|}

(3 eon]

n

IHa(x, ) = F(X)] = 0(1){ ! Zw[f, i3(1 _ x2)1/2

and

n i=1

x |Cr(X)] + i_2|XCn(X)|:|}

There has been much interest in the so-called Birkhoff
polynomial interpolation problem. The interpolation con-
ditionsherearegoverned by anincidencematrix E = [&;],
whereg; =1 or 0, namely,

Dipx)=vw; if e =1

We now study interpolation by spline functions. Spline
interpolation is much more useful than polynomial inter-
polation. In the first place there is no need to worry about
convergence. Another great advantage isthat a splinein-
terpolation curve does not unnecessarily oscillate as a
polynomial interpolation curve does when a large num-
ber of nodes are considered. The most commonly used
is a cubic spline. If interpolation data are given at the
nodes Ap:0=Xg < - -+ < Xm =1, theinterior nodes can
be used as knots of the cubic spline. When the first deriva-
tives are prescribed at the end points, the correspond-
ing interpolation cubic spline, called a complete cubic
spline, is uniquely determined. If no derivative values
at the end points are given, a natural cubic spline with
zero second derivatives at the end points could be used.
Spline functions can also adjust to certain shapes. This
topicisdiscussed in Section V on constrained approxima-
tion. Thereisavast amount of literature on variousresults
on spline interpolations. existence, uniqueness, error es-
timates, asymptotics, variable knots, and so on. We shall
discuss only the following general interpolation problem:

Let E=[e;] and F =[ f;;] be m x n incidence matri-
ces and Ay, be a partition of [0, 1] as defined above. We
denote by S,(F, Ap) the space of al piecewise polyno-
mia functions f of degree n with the partition points x;
of Amasbreak pointssuchthat D" f (x;7) = D" f(x1)
for all pairs(i, j) with fj; =0, where0 <i <m. Thefol-
lowing problem is called an interpolation problem, I.P.(E,
F, An):
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Given a set of data {y;j:&j=1}, find an f in
S\(F, Am) satisfying D/ f(x) = yij, where &; =1 and
DI f(x)=3[D} f(x)+ DI f(x")].

The problem I.P(E, F, Ap,) posed here is said to be
poised if it has a unique solution for any given data set.
It is known that I.P(E, F, Ap) is poised if and only if
I.P(E, F, Ap) is poised. By using the Pélya conditions
on (E, F) and the Budan-Fourier theorem, the following
result can be shown. We say that E isquasi Hermiteif for
eachi =1,...,m— 1, thereexistsan M; suchthate; =1
if and only if j < M;.

Theorem42. Supposethat (E, F) satisfiesthePélya
conditionsand thee; = 1implies f; n_; =0for al (i, j).
Suppose further that one of the matrices E and F is quasi
Hermite and the other has no supported odd blocks. Then
the problem I.P(E, F, Ay) ispoised for any Ap,.

For cardinal interpolation, we impose the extra condi-
tionsey; = emj and foj = fy for j =0,..., montheinci-
dence matrices. Of course, S§,(F, Am) has to be extended
to be piecewise polynomial functions f of degree n with
break pointsat g + X1, wherei =1,...,mandq= ---0,
1,...,suchthat

D" f(q+x7)=D"f(q+x")

for al g and (i, j) with fi;j =0. The following problem
will be called a cardina interpolation problem, C.1.P.(E,
F, Am):

Givenaset of data{yijq}, forany0<i <mande; =1,
find an f in S(F, Ap) satisfying DI f(q + %) = Vijq
where DI f(q+x) is the average of DI f(q x) and
DI f(q+x").

The problem C.I.P(E, F, Ap,) is said to be poised
if whenever yijq is arbitrerily given and setisfies yijq =
O(|q|P) for some p, asq — =+ oo, foral (i, j), the prob-
lem C.I.LR(E, F, An) has aunique solution f satisfying
f(x) = O(|x|P) as x — +o0. Let C, denote the space of
al solutionsof C.I.P(E, F, Am) with yijq = 0 and denote
itsdimension by d. A function f in C, iscaled an eigen-
splinewitheigenvalue A if f(x 4+ 1) =Af(x) forall x. The
following results have been obtained:

Theorem 43. TheC.I.P(E, F, Ap) has eigenvalue
A if and only if the C.I.P(E, F, Ap,) has eigenvalue A~

Theorem 44. LettheC.1.P(E, F, Ay) haved dis
tinct eigenvalues. Then the problem is poised if and only
if none of the eigenvalues lies on the unit circle.

Error estimates on interpolation by these splines have
also been obtained.

We next discuss multivariate interpolation. First it
should be mentioned that not every choice of nodesin RS,
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s> 2, admitsaunique Lagrangeinterpolation. Hence, it is
important to classify such nodes. We will use the notation

NA(S) = (n:s)

The following result gives such a criterion, which can be
used inductively to give an admissible choice of nodesin
any dimension:

Theorem45. LetAn={X'}1__n,(s beasetof nodes
in RS, If thereexistsn + 1 distinct hyperplanes &, ..., &
in R® and n+ 1 pairwise digoint subsets Ay, ..., A, of
the set of nodes A, suchthat foreach j =0,...,n, Ajisa
subset of §\{Sj4+1U---U S}, hascardinality Nj(s — 1),
and admits a unique Lagrange polynomial interpolation
of degree j in (s— 1) variables, then A, admits aunique
Lagrange polynomial interpolation of degreenin RS.

On the other hand, we remark that an arbitrary choice
of n nodes in R® admits an interpolation from some n-
dimensional incomplete polynomial space if we neglect
the degree of the polynomials.

We next discuss a Birkhoff-type interpolation problem
by polynomials in two variables. It will be clear that an
anal ogous problem can be posed in any dimension. Let S
be alower set of afinite number of pairs of integers; that
is, whenever i’ <i, j'<jand (i, j) € S,;then(i’, j)) e S
Denote by Ps the space of al polynomias Y ajx'y/,
wherea;; =0if (i, ) ¢ S. Note that the dimension of Pg
issimply |S], thecardinality of S. Let E = [egi] beaset of
Oand 1definedforg=1,...,mand (i, k) € S. We shdl
call E aninterpolation matrix. The interpolation problem
we discuss hereisto find a polynomia p in Ps such that

i+k

W P(Zq) = Cqik

foral q, i, k with ek =1, where Z={zy, ..., zn} isa
given set of nodesin R? and C = {cqik} IS agiven set of
data values.

Aninterpolation matrix E issaid to beregular if for any
sets Z and C the above interpolation problem is solvable.
It is said to be an Abel matrix if, for each pair (i, k) in
S, there is one and only one q for which ek =1. The
following result has been obtained:

Theorem 46. Let E =[eyk] be anormal interpola-
tion matrix with respect to alower index set S; that is,

m

DY ek =19

g=1 (i,k)eS
Then E isregular if and only if it is an Abel matrix.

We now consider the problem of L ebesgue constantsin
the multivariate setting. Let Vi, i =1, ..., s+1, bethe
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vertices of asimplex TS in R®, and for each x in T* let

(ug, ..., Usy1) beits barycentric coordinate; that is,
s+1 s+1
x=> uV; Y u=1 u=0
i=1 i=1
Let a=(ai,...,asr1), Where a;, ... , agy1 are non-

negative integers such that |aj]=a;+ --- +as11 <n.
It is known that the set of equally spaced nodes
{Xa}, |a] <n, where xqa=(a;n™?, ..., asy1n~t), admits
a unique Lagrange interpolation. For this set of equally
spaced knots {x,}, we define

s+la-1 J s+1
la)=n"TT]1 <ui - ﬁ> gak!

i—1 j=0
La(¥) = ) la(¥)|
lajl<n
and
Ln = max{L(X):x € T}

Ln(x) and L, are caled the Lebesgue function and
Lebesgue constant, respectively, corresponding to the
knots {x,}. The following estimate of the Lebesgue con-
stant is known:

Theorem 47. For the above equally spaced nodes
{Xa}, the Lebesgue constant satisfies

2n—1
n

foreachn=1, 2, ... . Furthermore,

2n—-1
Lh — ( )
n
asthe dimension s tends to infinity.

Another problem in Lebesgue constants is concerned
with optimality of the nodes. However, not much isknown
about this subject. We simply quote aresult on its growth
order, which again turnsout to belogarithmic as expected.
Let

S
n= l_[ (ni +1)
i=1
and E, = {x, ..., X"} bean admissible set of nodesinthe

unit cube | 3 in the sense that for each function f in C(1%)
there exists a unique polynomial

p(x. 1) = 3 bexk

0<kj <nj
i=1..5s

where k= (K, ..., ks), such that p,(x', f)= f(x),i =
1,..., n. We define the “optimal” L ebesgue constant An,
by
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IpC, Ol

Ap = inf
" ECE fecty T
where the supremum norm is being used. The following
result has been obtained:

Theorem 48. There exist constants As and Bg de-
pending only on the dimension s, such that
S S
As[ [In(mi +2) < An < B[ JIn(ni +2)
i=1 i=1

VIIl. MULTIVARIATE POLYHEDRAL
SPLINES

Spline functions in one variable can be considered linear
combinations of B splines. Let X ={to, ..., t,}, where
to< .-+ <t, with ty <t,. Then the univariate B spline,
with X asits set of knots and order n, is defined by

M(X, X) = N[to, ..., ta](- — x)7

An application of the Hermite-Gennochi formula for di-
vided differences gives the interesting relation

/ M(x, X)g(x) dx
R

= n!/ g(uotp + - - - + Unty) dug - - - dup
Si

for any continuous function g, where S" isthe n simplex

n
ZU;ZL u >0
i=0

The development of multivariate polyhedral splines is
based on a certain geometric interpretation of this rela-
tion. First, by simply replacing the knots {to, ..., t,} by
aset X={t° ...,t"} of n+ 1 points (which are not nec-
essarily distinct) in R® such that the algebraic span of X,
denoted by (X), isall of RS, we arrive at the formula

/Rs S(x, X)g(x) dx

= n!/ g(uot® + - - - + unt") duy - - - dup
S

for any test function g in Cy, the class of al continu-
ous functionsin R® with compact supports. The function
(-, X), caled the smplicia spline with X as its set of
knots, hasavery nicegeometricinterpretation. Let y°, . . .,
y" bein R" such that the set

n
a:{zuiy‘:uO+«--+un=1; Uo, ..., U > 0
i=0
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has positive volume and Py' =t',i =0, ..., n, where P
isthe projection of any y in RS onto an x in R® consisting
of its first s coordinates. Then for each x in RS, we
have

S(x, X) = vol_s{y € o : Py = x}/vol,o

Next, let X, = {x%, ..., X"}, whereeach x' isanonzero
vector in R® such that (X,,) = RS. Suppose that | =[O0, 1]
and B(-, X,) isdefined, again in the distribution sense, by

/ B(X, Xn)g(x) dx
RS

= / g(uix* + -+ +upx") duy - - - dup

for al test functions g in Co. Wecall B(-, X;,) abox spline
with directions X, = {x*, ..., x"}. Box splines also have
anice geometric interpretation. Let

n
n={Zuiyi:05ui <1, Py =X‘}
i=1

where, and hereafter, P denotes an arbitrary orthogonal
projection from R" onto R®. Then we can write

B(X, Xn) = Voln_s{y € n : Py = x}/volan

If we consider the formula

/ C(x, Xn)g(x) dx
RS

=/ g(ugxt + -+ + upx") duy - - - dup
R

for al g in Cy, we arrive at a truncated power (or cone)
spline.

Box splines can be derived from truncated power
splines, and conversely truncated power splines can be
expressed in terms of box splines. Let

A = 10— F(—Y)

and

for any yinR®

Ax, =[] Ay

yeXn

Inaddition, let [ X] bethen x n matrix whoseith column
isx', and let

L(Xn) = {[Xn]b:b e Z"}

and t(a, X,) denote the number of different solutions
be Z" to a=[Xp]b. Here, Z and Z, denote, as usual,
the set of al integers and nonnegative integers, respec-
tively. Then we have the following relationships:
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Theorem 49.
B('7 Xn) = AXnC('v Xn)
and

C, Xn)= Y t@ Xn)B(- —a, Xp)
aelL(Xn)

A moregeneral notionistheso-called multivariatepoly-
hedral spline (or P shadow) Mg(:, P), where B is an
arbitrary convex polyhedral body in R", defined in the
distribution sense by

/ Mg(X, P)g(x) dx:/g(Pu) du
Rs B

for al g in Cy. Some important properties are included in
the following two theorems. Let

n B]
Dy=) 5o
; 3Xi

wherey=(ys, ..., Yn), and if B isapolyhedra body in
R", then B; will denote an (n — 1)-dimensional flat of B
with unit outer normal n;.

Theorem 50. Foreachzin R",

Dp:Mg(-, P) = —ZZ' ni Mg (-, P) @)

Mg(Pz, P) = n—st(bi —2)-niMg (P2, P) (2

DxMg(x, P) = (n — mMg(x, P) =) b -nMg,(x, P)

©)

whereb; lieson B;.

Theorem 51. Letn>m=>s, and P and Q be any
orthogonal projections of R" and R™, respectively, onto
Rs. If B and C are any two proper convex polyhedra
bodiesin R" and R™ respectively, then

| Matx = y. PIMe(y. @ dy = Mae(x. P& Q)
@
1
n+m-s

/RS Mg(X, P)Mc(X, Q) dx =

x: -2 /R Mg, (X)Mc(x) ds

£ -2 m [ Mameax] @
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where by and ¢ lie on B; and C;, respectively, zin R",
with Z in R™ consisting of the first m components of z.

Itisobviousthat Mg(-, P) is nonnegative and vanishes
outside PB. From the recurrence relations, it is also clear
that it is a piecewise polynomial of degree n—s. Let
us now specialize on box splines B(-, X;). In addition
to being a piecewise polynomial of degreen—s, itisin
CY9-1(RS), where

d =d(Xp) =max{m:[Y|=m,Y C X, (Xn\Y) = R}
The Fourier transform of B(-, X;) is particularly ssimple,
being

. 1—e ™y
B, Xo) = [ ———

yeXn Y

This immediately yields the following result, which is a
specia case of the above theorem:

B(-, Xn U Ym) = B(:, Xp) * B(-, Ym)
Let S(B) denote the linear span
Y caB(-—a, Xy)

aeL(Xp)
of the trandates of B(:, X,). We first state the following
result:

Theorem52. LetY beasubsetof X, with(Y) = RS.
Then

1

> B(-—Yb, Xp) = Y

bezs

Hence, appropriate translates of box splinesform apar-

tition of unity, so that S(B) can at |least approximate con-

tinuous functions. More important is the following result
on linear independence of translates of a box spline.

Theorem 53. Let X, C Z%\{0}. Then
{B(- —a, Xp):a € L(Xp)}
islinearly independent if and only if
|detY| = 1
foral Y c X, with (Y) = RS.

Asusual, let y denote the space of al polynomiasin
RS with total degree at most k. Then the following result
is obtained:

Theorem54. Let X, c Z%\{0}andd =d(X,). Then
there exists alinear functional A on g4 such that

P) = D AP +a)]B(x —a, Xn)
aeZs

foral p € ng.
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In fact, if wewrite

[B(x, Xn)] * =

Zajxj

where j = (j1, ..., js), andxi =xJ* ... x&* then, using the

notation
J is
oi— () .. (2
dXq 0Xs

Mp) =Y a(-1)'DIp(0)
j

we have

Let F be an extension of the linear functional A(p) on
C(R®), such that,

IFCEI < IIFIIEI, f e C(R°)

and F(p)=A(p) for any polynomial p. For any h> 0,
define

(Qnf)) =D F(f[h( +a)]}B(h~*x — a, X,)

Then the following estimate is established:

Theorem 55. There exist absolute constants C and
r such that

1F(X) = (Qn f)(X)| < Ch* =52 3" DI || p(a,,)
|j|=d+1

for all x e R®and f € HJ(R®), where d = d(X;), and
Ach=X+rh[-1,1]°

At least for p= oo, the order O(h?*+%) cannot be im-
proved. Let us now replace B by a finite collection ®
of locally supported splines ¢; on RS. Hence, S(®) will
denote the linear span of the trandates ¢; (-, —a), a € Z5,
wherei = 1,..., N, say. Let H[; be the subspace of
the Sobolev space H M of compactly supported functions
f with norm

1/p
||f||p,m={ > ||DJf||s}

[jl<m

Wesay that S(d) provideslocal L , approximation of order
k, or S(®) € Ay, if forany f € HT., there exist weights

p.Cc’
w, such that
f— Z > wla (— ) < Ch¥|[ flpm
i=1aez® P
and wiha = 0 whenever dist(ah, supp f) >r holds, where

Candr are positive constants independent of h and f.
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Theorem 56. Thefollowing statements are equiva
lent:

1. There exists a sequence {V,}, |al <k, in §(®) that
satisfies
Vo(@) = So.a, ae2nz®

and

| C
Z - ) DYy c(a) =
c<b c!
forae27rZ%\{0} and 1 < |b| <k.
2. There exists a sequence {v,}, |al <k, in S(®) such
that

Z Z Yo—c(X — a)_
c<b aeZzs
isin mp—1 for |b| <k.
3. There exist some finitely supported wj 5 SO that

N
Y= wiah(—a)

i=1 aeZs

satisfies

- Yx- a)—
acZs
isinmp—1 for [b] <k.
4. §(P) e Apkfordl p,1<p=<oco.
5. §(P) € A k-

In the two-dimensional setting, and particularly the
three-directional mesh, the approximation order of S(®),
where @ isacollection of box splines, hasbeen extensively
studied. It is interesting that, although C* cubics locally
reproduce all cubic polynomials, the optimal approxima-
tion rate is only O(h®). However, not much is known on
the approximation order of S(®) for RS withs > 2.

Although multivariate polyhedral splinesaredefinedin
the distributional setting, they can be computed by us-
ing the recurrence relations. The computational schemes,
however, are usualy very complicated. For R?, there is
an efficient algorithm that givesthe Bézier coefficientsfor
each polynomial piece of a box spline. In general, one
could apply the subdivision algorithms, which are based
on discrete box splines. Under certain mild assumptions,
the convergence rate could be shown to be quadratic.

IX. QUADRATURES

This section is devoted to approximation of integrals. Let
D bearegionin R® and C(D) the space of all continuous
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functionson D. Theapproximation schemeisto find linear
functionalsL, k=1,...,n,onC(D) suchthat theerror
functional ry,, defined by

f FOOw) dx = > Lk f +ra(f) = Qu(f) +ra(f)
D k=1

where w(-) is some positive weight function, satisfying
rn(f)— 0asn— ocoforal f inC(D). Inonedimension,
the above formulais called an integration quadrature for-
mula. Multivariable quadrature formulas are sometimes
caled cubature formulas. There is a vast amount of lit-
erature on this subject. The most well-known quadrature
formulas are, perhaps the trapezoidal and Simpson rules.
These rules are obtained using certain interpolatory linear
functionals L nk. In addition to various other interpol atory-
typeformulas, there are automatic quadrature, Gauss-type
quadrature, and integral formulas obtained by the adaptive
Simpson (or Romberg) method. Of course, error analysis
is very important. There is literature on algebraic preci-
sion, optimal quadrature, asymptotic expansion, and so on.
In one variable, the most commonly used weights are per-
haps1, (1 — x)*x#, log(1/x) for theinterval [0, 1], e for
[0, o0) and e for R. It isimpossibleto discussmany im-
portant results on this subject in a short section. We give
only a brief description of three approaches in the one-
variable setting and briefly discuss optimal and multivari-
ablequadraturesat theend of the section. For simplicity we
will assumethat D =[—1, 1] in the following discussion.

A. Automatic Quadratures

Anintegration method that can beappliedinadigital com-
puter to evaluate definite integrals automatically within
a tolerable error is caled an automatic quadrature. The
trapezoidal, Simpson, and adaptive Simpson rulesaretyp-
ical examples. We may say that an automatic quadra-
ture is based on interpolatory-type formulas. An ideal
interpolatory quadrature is one whose linear functionals
Lok are defined by Lok f = Al(%), k=1, ..., n, where
—1<X1< -+ <X <1, such that A} >0, the function
values f (xk), canbeused againinfuture computation (i.e.,
forn+1,n+2,...), andthat thequadrature hasalgebraic
precision of degreen — 1[i.e., ro(f) =0for f(x)=1,...,
x"~1]. Using Lagrange interpolation by polynomials of
degree n — 1 guaranteesthe algebraic precision. Here, we
have

1
A= / [ T0x=%)/06 — xi) dx
—Lizk
and the quadrature is sometimes attributed to Newton.
However, thesequence {Al}, k=1,...,n,isusually quite
oscillatory. Since it is known that r,(F)— 0 for al
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f e C[—1, 1] if and only if

n
DAl <M <00
k=1

for all n, the sample points xx should be chosen very care-
fully. For instance, equally spaced sample pointsyield

k=1

The following scheme is quite efficient. Let t; =, t =
/2t 1=1 + %,i =1,2,...,andxx = cos2rty, k=1,
2,....Fixan N=2"for somem> 0, and let Ty(x) and
Uk(x) denote the Chebyshev polynomials of the first and
second kinds, respectively. Consider the polynomial

N-—1 n N—1
Pn(¥) = Y bocUk-1(x) + Y wi[Tn(X)] Z/bika(X)
k=1 i1 k=0

where Y~ indicates that the first term under this summa-
tion is halved, and

m
wm(X) = 2" [ ] (x =)

k=1
For each f in C[-1, 1], the polynomia pn(X) is
then uniquely determined by the interpolation condi-
tions pn(Xi)= f(x) fori=1, ..., (n+1)N — 1. Write
bix =bi(f) for this interpolation polynomial. We then
arrive at the quadrature

N-1 n N-1
Qusnn-1(f) = Y Aabok(f) + > D Awbie(f)
k=1 i=1 k=0
where
1
A = / Uk-1(x) dx
-1
and
1
Asc= [ [ TWEOIT() o
-1
fori=1,...,n.Itisimportant to point out that by (f)

and Ak are independent of n and that to proceed from
Qn+yn-1(F) t0 Qizn—1(F) we need only the extra
terms bny1k(F) and Ani1k, for k=1,..., N, and their
recurrence relations are available.

B. Gauss Quadrature

Let usreturn to the integration quadrature formula

1
/ F (w(x) dx = Qu(f) + n(f)
-1
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where
Qn(f) = AL (Xuk)
k=1

with —1<Xp; < -+ <Xpn < 1. Gauss approached this
problem by requiring rn(f)=0 for as many polynomi-
als f with degrees as high as possible and proved that the
highest degreeis2n — 1. Infact, thispolynomial precision
condition uniquely determines X, and the coefficients Ay
Wecall this Qn( f ) aGaussquadratureformula. The points
Xnk turn out to betheroots of the orthonormal polynomials
pn With respect to the weight function w, and the coeffi-
cients Ay, known as Christoffel numbers, are

n—1 -1
AE = (Z pjz(xnk))
j=0

If w(x)=1, then the polynomials p, are the Legendre
polynomials, andif w(x) = (1 — x?)~%/2, the p,’sare(con-
stant multiples of) Chebyshev polynomials of the first
kind. The corresponding quadrature formulas are called
Gauss-L egendre and Gauss-Chebyshev quadratures. The
following estimate has been obtained:

Theorem57. Letl<s<2nand(1— x?)°f©(x)be
integrable on [—1, 1]. Then the error r,(f) of the Gauss-
Legendre quadrature of f satisfies

1
ndfﬂgcg/ﬂf®unmm«r—ﬁfﬂ/mml—x%ﬂdx

where the constant Cs is independent of n and f.

Severa generaizations of the Gauss quadrature have
been considered. For instance, requiring the weaker poly-
nomial precision conditionr,(f)=0foral f inmon_m_1
gives a so-caled [2n —m—1, n, w(x)] quadrature. The
following result gives a characterization of this quadra-
ture. We denote by P, the polynomials in 7, the poly-
nomialsin rr, with leading coefficient equal to 1 that are
orthogonal on the unit circle with respect to the weight
function

w(cosh)| sing|

Theorem 58. Let O<m=<n. Then a[2n—m—1,
n, w(x)] quadrature with nodes x; in [—1, 1] has n—1
positive coefficientsand | negative coefficientsif and only
if there exists a polynomia qn, in 7, with leading coeffi-
cient equal to 1 and real coefficients such that

2N Re(2 " ()P 1)) = [ X - %)
j=1

Approximations and Expansions

wherex = cosf andz=¢€?,0 [0, =], and gy, hasm — 2|
zerosinside and 2| zeros outside the unit circle.

Another generalization is the quadrature

/l f(X)w(x) dx = i j cii F00(xy)
-1 j=1i=1
£33 1Dy ()
j=1i=1

where N=my+ --- +mMp+ny+ --- +npandyy, ...,
Ym are prescribed. It is well known that the polynomial
precision requirement ry(f)=0for al f inwy.n cOm-
pletely characterizes the nodes Xq, ... , X,. In fact, they
are determined by the n equations

1 m m
[ woox o= ypm T (= dx =0
-1 j=1 j=1
k=0,...,n—1.

There are methods for computing the nodes x; and co-
efficientsc;; andd;;. Infact, by establishing arelation be-
tween these coefficients and the eigenvectors of the Jacobi
matrix corresponding to the weight function w(-), one can
obtain a stable and efficient algorithm to evaluate these
nodes and coefficients.

C. Chebyshev Quadratures

It is easy to see that al the Christoffel numbers of the
Gauss-Chebyshev quadrature are the same. This leads
to the problem of determining the weight functions for
which the constants in the corresponding quadratures are
independent of the summation index. More precisely, a
quadrature formula

/l f(x)w(x) dx = A, Xn: f (Xnk) + rn(f)
-1 k=1

—1<Xp < -+ <Xpn <1, that satisfiesr,(f) =0 for all
f in m,_1 is called a Chebyshev quadrature formula.
Bernstein proved that w(x) = 1 doesnot giveaChebyshev
quadrature for n =8 or n > 10. It has been shown that the
weights

w(x, p) = (2p+1+x) " 1—-x*)"?

where p > 1, give Chebyshev quadratures for all n> 1.
This means, of course, that A, = An(p) and Xnk = Xnk(P)
exist suchthat thequadratureformulasare (n — 1)st degree
polynomial precise.

Finally, we discuss multivariable quadrature (or cuba-
ture) formulasvery briefly. With the exception of very spe-
cial regions(balls, spheres, cones, etc.), nontensor-product
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cubatures are very difficult to obtain. Some of the reasons
are that multivariate interpolation may not be unisolvent
and that orthogonal polynomials are difficult to find on
an arbitrary region D and R®. There are, however, other
methods, including, Monte Carlo, quasi Monte Carlo, and
number-theoretic methods. On the other hand, many of the
one-variable results can be generalized to Cartesian prod-
uct regions. For instance, let us study optimal quadratures.

Let H(I) denote the Sobolev spaces on | =[—1, 1],
and W,  the unit ball of f in H;)(I); that is

1100, =1

Toextendtotwovariables, forinstance, let V; s;,(M) bethe
set of all functions g(- , -) in the Sobolev space H{"9)(1?)
such that

[g9¢. )], < M

where M is a fixed positive constant. Now, in the one-
variable setting, if

1 m
rm(f)=/1f(x)dx—ZAﬁ”f<xmk)
- k=1

and
rm(Wr,p) =supf|rm(f)|: f € \Nrp}

it isknown that ry, (W ) attains its minimum at some set
of nodesXm1, - . . , Xmm iN | and somecoefficients AT, .. .,
A The resulting quadrature formula,

1 m
/ O dx =3 AP (%) + Frnr ()
-1 k=1

is called an optimal quadrature formulafor W; . Let

1 n
fl f(x) dx =) BRf(Yu) + Mns(f)

k=1
be an optimal quadrature formulafor Ws . Thefollowing
result has been obtained:

Theorem 59. Let1< p <oo. Thentheformula
m
[, atx. vy dxy =3 A7 [ gt vy
k=1
n _
+3 87 [ a0, 50 o
j=

m n
=37 APBG(Rmk. Vi) + ()
k=1j=1
isoptimal in the sense that r % [V: s;p(M)], defined to be
SUp{|rrT1n(g)| ‘g e Vr,s;p(M)}

603

does not exceed rmn[Visp(M)], defined analogously,
where rmn(g) has the same form asr %, (g) with arbitrary
nodes x and y; in | and arbitrary coefficients A;, By, and
Cy;j . Furthermore

rran[Vr,S;p(M)] = Mrr,p(VVr,p)rn,s(Ws, p)

X. SMOOTHING BY SPLINE FUNCTIONS

Not only are spline functions useful in interpolation and
approximation; they arenatural data-smoothing functions,
especialy when the data are contaminated with noise. We
first discuss the one-variable setting.

Let O=tp< --- <thr1 =1 and HX=HX[0, 1] be the
Sobolev space of functions f such that f, ..., f& are
in Lo=L,[0, 1], where k<n — 1. For any given data
Z=[z,...,2,]", it can be shown that there is a unique
functions, p =S¢ p(-; Z), which minimizesthefunctional

1 1 n
ool 2) = p [ DR+ 1Y Tuw) - 202
i=1

over al functions u in H. In fact, the extremal func-
tion s p is a natural spline of order 2k having its knots
atty, ..., ty. The parameter p > 0, called the smoothing
parameter, controls the “trade-off” between the smooth-
ness of s¢p and its approximation to the data Z. Let
Scpti)=Y and Y=[y1,....ya]". Then Y = Ac(p)Z,
where the n x n matrix Ax(p) is called the influence ma-
trix. Determining s p is equivalent to determining Y.
Hence, the influence matrix isimporttant. It can be shown
that Ac(p) = (I, +npBy) 1, where By is an n x n non-
negative definite symmetric matrix with exactly k zero
eigen-values. The other n — k eigenvalues of B, are posi-
tive and simple, regardless the location of thet; . Let these
eigenvaluesbed; = d,; arrangedin nondecreasing order as
follows. 0=d;= -+ =dk <dki1 < --- <dy. Itisclear
that if Q isthe unitary matrix that diagonalizes By in the
sensethat By = Q* Dk Q, where Dy = diag[d; - - - dy], then
setting Y = Q*Y and Z = Q*Z, we have

T 14 npdi !

¥i

where Y =[91---9n]T and Z=[2,---2,]7 could be
viewed asthe Fourier transformsof Y and Z, respectively.

Theorem 60. Let {tj} be quasi-uniformly dis-
tributed; that is

max(ti;1 —t) < cmin(ti g — )

where c is independent of n as h — oo. Then there exist
positive constants ¢; and ¢, such that
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i < ndy < coi

fori=k+1,...,nandn=1,2,....

Hence, for quasi-uniformly distributed {t; }, we have the
following asymptotic behavior of §;,i =k+1,...,n:

1
~ 1 + (pl/zkr|)2k

as n— oo, where r is a positive constant and by a
Butterworth-type low-pass filter with the inflection point
asitscutoff frequency ic = (r p/%)~1. Thesize of thewin-
dow of this filter decreases monotonically as the smooth-
ing parameter p increases. Inthelimiting casesas p — oo,
we have

91 2 ~ bk(pl/Zkri)Zi

2; if i=1,...,k

p—oo
In this case, the smoothing spline S oo (+; Z) issimply the
least-squares polynomia of degree k — 1. On the other
hand, as p— 0, we have

|imyi=2i, i=1...,n
p—0

so that s¢ o(-; Z) isthe natural spline of order 2k interpo-
lating the data Z.

Suppose that the data are contaminated with noise, say
zi=9(t)+&,wherege sz and ey, ..., e, areindepen-
dent random variables with zero mean and positive stan-
dard deviation. A popular procedure for controlling the
smoothing parameter p isthemethod of generalized cross-
validation (GCV). We will not go into details but will re-
mark that it is a predictor—corrector procedure.

The idea of a smoothing splinein one dimension has a
natural generalization to the multivatiate setting. Unfortu-
nately not muchisknownfor an arbitrary domain D in RS,
In the following, the L, norm || || will be taken over al
of R®, and thisaccountsfor theterminology of “thin-plate
splines” Again let p > 0 be the smoothing parameter and
k > s/2. Thenforevery setof data{Zs, ..., Z,}inRanda
scattered set of sample points {ty, .. ., t,} in RS, the thin-
plate smoothing spline of order 2k and with smoothing
parameter p is the (unique) solution of the minimization
problem,

1 n
inf up+ = u(t) — z1?
ueDkLZ(RS){m e+ n;[ ) -2zl }
where
2 . 9% ’
[ulg = —F—u
il,..%;:l 3Xi1~~~8Xik 5
and

D KL%(R®) = {u € D'(R®): D?u € L?(R), |a| = k}
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with D’(R®) denoting the space of Schwartz distributions
on R® and
glal
T axE
Of course, dl derivatives are taken in the distributional

sense. Since K > s/2, theelementsin D—*L2(RS) arecon-
tinuous functions.

a

Theorem 61. Thesmoothing splines p =S p(-; Z)
that minimizes the above optimization problem existsand
isunique and satisfies the distributional equation

1 n
(—D*A*Sp = = cis,
np =

where §; isthe Dirac distribution and ¢, = z; — s p(ti; Z),
i=1,...,n. Furthermore, Aka(,p isorthogonal tothecol-
lection 7, of polynomials of total degree k — 1 in the
sense that

(A*scp. p) =) GP(t) =0
i=1

foral Pinmg_1.

Let K¢ be the elementary solution of the k-times-
iterated Laplacean:

AXKy = 8o
Then it iswell known that
C|t]Zs if sisodd
Ki(ty = | 40 s
cklt| log|t| if siseven

wherec, = (—1)*2r[2¢~1(k—1)!]2. Also, if misameasure
with compact support orthogonal to mri_1, then m % Ky is
an element of D—KL2(RS). Applying thisresult to AXs p,
we have

(—1)fA¥scp * Ky = ni Z Gi Ki(t — 1)
Pi=
and
AR((—D*AKs p * Ki) = (D) (AKsc p) * (AFKy)

= (—1)k(AkSk,p) * Jp
= (-1 Afscp

Thisyields

Sp — (—DFAfS p * Ky € mes

Theorem 62. The smoothing spline s, , satisfies

Sep(t) = (—D* ) diKy(t —t) + P(t)
i=1
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where P € my_1. Furthermore, the polynomial P and the
coefficients dy, ..., d, are uniquely determined by the

equations:
1
(—1)kn—pdi+5k,p(ti)—2i =0, i=1...,n
and
diQ(t1) + - - - +dn Q(tn) =0, Qe mk1

Hence, if the values yi =5 p(ti; Z), i =1,..., n, are
known, the smoothing splines; , isalso determined. Writ-
ingY = A«(p)Z, whereY =[y, ..., yn]", itisimportant
to study the influence matrix Ax(p) asin the one-variable
setting. Again it is possible to write

Ac(p) = (I +npBy)~*
Let {t1,...,t,} lie in abounded domain D and RS. We

say that {t;} isasymptotically quasi-uniformly distributed
in D if for al largen,

Sup min [t —t| <c_min |t} —tj|
teD 1=<i=n I<i<j=n

where ¢ is some positive constant, depending only on D.

Theorem 63. Let D satisfy a uniform cone con-
dition and have Lipschitz boundary and {ti,...,t}
be asymptoticaly quasi-uniformly distributed in
D. Then there exists a positive constant C such

that the eigenvalues dni,..., din oOf By satisfy
O=dyp=- - =0k <pys1 < -+ <py and
i2/s < ndy < Ci%/s, i=N+1...,n
for al n, where
k+s—-1
N:dimnk_1=< +S )

Thus, if we study the effect of thin-plate spline smooth-
ing in the “frequency domain” as before by writing

Y = Q*Y; 2=QZ
where Q is unitary with QB Q* =diag[dp; - - - dnn], We
obtain
_ 1
1+ pdni
where, again, by isaButterworth-type low-passfilter with
cutoff frequency at (rp¥%)~1. Similar conclusions can
be drawn on the limiting casesas p — oo and p — 0, and
again the method of GCV iscommonly used to choosethe
smoothing parameter p. It is a predictor—corrector proce-
dure and amounts to choosing p as the minimizer of the
GCV function:

13 5 1 2
- ;[Sk.p(ti ,Z) —z] /[1— ﬁtrAk(p)]

9i 2 ~ b(pY*ri)z
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Of course, s p(ti; Z) =y and determining {y; } is equiva-
lent to determining s itself.

In amore general setting, let X, H, K be three Hilbert
spaces and T, A be linear operators mapping X onto H
and K and having null spaces N(T), N(A), respectively.
Let p > 0 be the smoothing parameter in the functional

Jp(u, Z) = plITull? + | Au — Z|Z

where Z isthe given “data” vector in K and u € X.

Theorem 64. If N(T)+ N(A) isclosed in X with
N(T) N N(A) = {0}, there exists a unique function s, in
X satisfying

. p(Sp, Z) = inf{J p(u, Z):u € X}

Moreover, if Sdenotesthe space of al “spling” functions
defined by

S={se X:T*Tsisintherange of A*}

where T*, A* denotetheadjointsof T and A, respectively,
then s, satisfies s, € Sand

T*Tsp = p *A*(Z — Asp)
As acorollary, it is clear that sp € X is the smoothing
spline function if and only if
(Tsp, TX)n = p~HZ — Asp, AX)k

for all x € X.

An interesting special caseis X = H2"(D), where D is
a bounded open set in RS with Lipschitz boundary and
satisfying a uniform cone condition. If k > s/2, then the
evaluation functional §; is continuous. Letti, ..., t,e D
and set K =R"and H =[L,(D)]N, where N =s¥. Also,
define

Au = [Stlu---atnu]T
and
ak
- 8xi1---8xik
wherei; =1,...,sandix=1,...,s,and equip H with
thenorm || ||n, Where
d

||v||l2—| = Z ”viilmik ”iz(D)

t1,...,ik=1

Then using Theorem 64 and the fact that {t;, ..., t,} isa
k1 unisolvent set, the following result can be proved:

Theorem 65. Thereexistsauniquesyin H2"(D)that
minimizes J¢ p(u, Z) foral uin H2"(D). Furthermore, s
satisfies the distributional partial differential equation.
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(-1 atsy = 3 Y1z - sl
i=1

In fact, the following estimate has also been obtained for
noisy data:

Theorem 66. Let z=g(t)+e, i=1...,n,
where g isin HX(D), and let ey, . . ., e, be independent
identically distributed random variables with variance
V. If the points t; satisfy a quasiuniform distribution
condition in D, then there exist positive constants ¢, and
Co, independent of n, suchthat for0< p<1,

. 1 .
EfIsp(-5 2) — 9lf] = cap® ¥+ —covp @ItV

forn~2"/s < p<1 wherel<j <k.
However, no general result on asymptotic optimality of
cross-validation is available at the time of thiswriting.

Xl. WAVELETS

The Fourier transform f(w) of afunction f (t) represents
thespectral behavior of f (t) inthefrequency domain. This
representation, however, does not reflect time-evolution
of frequencies. A classical method, known as short-time
Fourier transform (STFT), isto window the Fourier inte-
gral, sothat, by the Plancherel identity, theinverse Fourier
integral is also windowed. This procedure is called time-
frequency localization. This method is not very efficient,
however, because awindow of the same size must be used
for both low and high frequencies. The integral wavelet
transform (IWT), defined by

1 o0 t—b
W o) = [ f(t)w<?) dt.

on the other hand, has the property that the time-window
narrows at high frequency and widens at low frequency.
Thisis seen by observing that, for real f and v/,

(Wy f)(b, a)

= Re? /Ooo g b f(w)g(a(a) - %)) do;

where g(w) := ¥ (w + wo), and wo isthe center of the fre-
quency window function v (w). More precisely, the win-
dow in the time-frequency domain may be defined by
wo 1 wo 1
b—aA,, b+aA — — A, —+ Ay,
[ a,/, +a w]XI:a ad/a‘i‘a wi|
where Ay and Ay, denote the standard deviations of yr
and v/, respectively, and we have identified the frequency
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by a constant multiple of a—1. Hence, the IWT has the
zoom-in and zoom-out capability.

Thislocalization of timeand frequency of asignal func-
tion f(t), say, not only makes it possible for filtering,
detection, enhancement, etc., but also facilitates tremen-
dously the procedure of data reduction for the purpose of
storage or transmittance. The modified signal, however,
must be reconstructed, and the best method for this re-
construction is by means of a wavelet series. To explain
what a wavelet series is, we rely on the notion of mul-
tiresolution analysis as follows: Let {V,,} be a nested se-
quence of closed subspaces of L2 = L2(R), such that the
intersection of al V, is the zero function and the union
of al V, is dense in L2. Then we say that {V,} consti-
tutes a multiresolution analysis of L? if for each ne Z,
we have f e V,, & f(2)) € V1 and if there exists some
¢ € Vp such that the integer trandates of ¢ yields an un-
conditional basis of V. We will also say that ¢ gener-
ates a multiresolution analysis of L2. Examples of ¢ are
B-splines of arbitrary order and with Z as the knot se-
guence. Next, for each k € Z, let W be the orthogonal
complementary subspace of Vi, relative to V. Then it
is clear that the sequence of subspaces {W} is mutually
orthogonal, and the orthogonal sum is all of L2. Conse-
quently, every f e L2 canbedecomposed asan orthogonal
sumof functionsgy € Wy, k € Z. It can beproved that there
exists some function ¥ whose integer translates form an
unconditional basis of L. If this v, called a wavelet, is
used as the window function in the IWT, then the “modi-
fied” signal f (t) can bereconstructed from IWT at dyadic
values by means of awavelet series.

Let us first introduce the dual ¥ € Wy of v defined

(uniquely) by
(U, ¥(-—n)=68o  neZ
Then, by using the notation
Vi) = ¥t~ )
where j, k € Z, and the same notation for vy j» we have

the following.

Theorem 67. For every f e L2, then
f(t) = Z 22wy, £)(j275, 279 i (1)

k,jez

= > 29w, 1127 279 0).

k,jez

Algorithmsare availableto find the coefficients of the par-
tial sums of this series and to sum the series using values
of the coefficients. Since these coefficients are 2</2 mul-
tiples of the IWT at (j27%, 27%) in the time-scale plane,



Approximations and Expansions

these algorithms determine the IWT efficiently without
integration and reconstruct f (t) efficiently without sum-
ming at every t. Based on two pairs of sequences (pn, On)
and (an, b,), which are known as reconstruction and de-
composition sequences, respectively, apyramid algorithm
isrealizable. Here, { p,} defines the ¢ that generates the
multiresolution analysis, namely:

$t) =Y pacp(2t — )
nez
and {q,} relates ¢ to ¢ by:
Y(t) Y anep(2t — ).
NezZ
In addition, {a,} and {b,} determine the decomposition
Vi =Vo® W by

¢t —0) = @ 2nd(t —n)+ ) beani(t —n),

NezZ nNez

foral ¢ eZ.

If ¢(t) = Np(t) is the mth order B-spline with integer
knots and supp N, = [0, m], then we have the following
result.

Theorem 68. For each positive integer m, the min-
imally supported wavelet v, corresponding to Ni(t) is
given by

2m-2

1 ; .
Ym(t) = om1 2(:) (=1 Nom(j + 1)
j=

i m .
x ;(_N(z )Nm(Zt —j—o.

Furthermore, the reconstruction sequence pair isgiven by:

m
pn = S_m+1( n )

and

with supp{ pn} = [0, m] and supp{d},} = [0, 3m —2].
To describe the pair of decomposition sequences, we
need the “Euler—Forbenius” polynomial
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2m-2

[1.@ =Y Nam(n+ 12",
n=0

Where we have omitted the multiple of [(2m — 1)!]~* for
convenience. Then {a,} and {b,} are determined by the
Laurent series:

1 m [In(2) n
G = 5 (1+2) M@ - éanz

1 m 1 _ —n
H@) = -5 (1-2) @ - > bz

NeZ

The duals Ny, of Ny, and ¥, of ¢ can be computed by
using the following formulas:

Nin(t) = ) 28mNm(2t — 1)

NezZ

Um(t) = ) 2bnNm(2t —n).

Nez

SEE ALSO THE FOLLOWING ARTICLES

FRACTALS ¢ KALMAN FILTERS AND NONLINEAR FILTERS
o NUMERICAL ANALYSIS ¢ PERCOLATION e WAVELETS,
ADVANCED
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GLOSSARY

Atom Minimal nonzero element of a Boolean algebra.

Boolean homomorphism Function from one Boolean
algebra to another that preserves the operations.

Boolean subalgebra Subset of a Boolean algebra that is
itself a Boolean algebra under the original operations.

Complement Inalattice with least and greatest elements,
two elements are complemented if their least upper
bound is the greatest element and their greatest lower
bound is the least element of the lattice.

Complete Pertaining to a Boolean algebra in which every
subset has a greatest lower bound and a least upper
bound.

Field of sets Family of sets that is closed under fi-
nite unions, intersections, and complements and also
contains the empty set.

Greatest lower bound In a partially ordered set, the
largest of all of the elements that are less than or equal
to all of the elements in a given set.

Ideal In alattice, a set that is closed under the formation
of finite least upper bounds and contains all elements

Boolean Algebra

of the lattice that are less than elements in the ideal.

Lattice [distributive] Partially ordered set for which
the least upper bound X+ Yy and the greatest lower
bound Xy always exist [a lattice in which the identity
X(Y 4 z) = Xy + Xz holds].

L east upper bound Ina partially ordered set, the smallest
of all of the elements that are greater than or equal to
all of the elements of a given set.

Partially ordered set Set with arelation “<” that satisfies
certain conditions.

A BOOLEAN ALGEBRA is an algebraic system con-
sisting of a set of elements and rules by which the elements
of this set are related. Systematic study in this area was
initiated by G. Boole in the mid-1800s as a method for
describing “the laws of thought” or, in present-day ter-
minology, mathematical logic. The subject’s applications
are much wider, however, and today Boolean algebras not
only are used in mathematical logic, but since they form
the basis for the logic circuits of computers, are of funda-
mental importance in computer science.
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I. BASIC DEFINITIONS AND PROPERTIES

A. Definition of a Boolean Algebra

Boolean algebras can be considered from two seemingly
unrelated points of view. We shall first give adefinition in
termsof partialy ordered sets. In Section|.C, weshall give
an algebraic definition and show that the two definitions
are equivalent.

Definition. A partialy ordered set (briefly, a poset)
isanonempty set P together with arelation < that satisfies

1. x <xforal x.
2. Ifx<yandy=<zthenx <z
3. Ifx<yandy=<x,thenx=y.

For example, the set of integerswiththeusual < relation
isaposet. The set of subsets of any set together with the
inclusion relation C is a poset. The positive integers with
the | relation (recall that x | y meansthat y is divisible by
X) are aposet. A chain Cisasubset of aposet Pif x <y
ory <xforany x, y € C. Theintegers themselvesform a
chain under < but not under | since 3 < 5 by neither 3 nor
5isdivisible by the other.

Inany poset, wewritex < ywhenx <yand x #y. We
also use y > x synonymously with x <.

A subset Sof aposet P issaid to have an upper bound if
thereexistsan element pe Ssuchthats< pforalse S
An upper bound p for Sis caled a least upper bound
(lub) provided that if g is any other upper bound for S
then p<q. Similarly | is a greatest lower bound for Sif
| <sforadlseS andif m<sforal se Sthen Sthen
m<l.

Consider the poset 2 (X) of all subsets of aset X under
inclusion C. For S, T e ®(X), the set SUT is an upper
boundfor Sand T since SC SUT and T C SUT; clearly,
any other set that contains both Sand T must also contain
SUT, s0 SUT istheleast upper bound for Sand T.

Least upper bounds (when they exist) are unique. In-
deed, if zand Z' are both least upper bounds for x and v,
then since z is an upper bound and 7 is least, we have
Z < z. Reversing theroles of zand Z, we have z< 7, so
z=7.

Denote the (unique) least upper bound, if it exists, by
X+Yy. Thus x <x+Vy,y<x+y,andif x <z y<zthen
X+ y <z Similarly x - y (or smply xy) denotesthe great-
est lower bound of x and vy if it exists.

A nonempty poset P in which x 4+ y and xy exist for
every pair of elements x, y e P, is called a lattice (the
symbols v and A are often used as notation instead of +
and-). A latticeiscalled distributiveif x(y + z) = xy + xz
holdsfor all x, y, z. A poset P hasaleast element (denoted
by 0) if 0 < x for al x € P and agreatest element (denoted
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by 1) if x <1 for al x € P. It is evident that, when they
exist, 0 and 1 are unique. A lattice L with 0 and 1 is
complemented if for each x € L there exists an element
y € L suchthat x + y=1and xy =0. Theelementsx and
y are called complements of one another.

Definition. A Boolean agebrais a poset B that is
a complemented distributive lattice. That is, B is a poset
that satisfies

For each x, y € B, x + y and xy both exist.

Oand 1 exist.

X(y 4+ z) =xy + xzisanidentity in B.

For each x € B thereexistsy e Bsuchthat x +y=1
and xy =0.

AwWDdE

We shall soon see that, in a Boolean algebra, comple-
ments are unique. Thus, for each x € B, X will denote the
complement of x.

B. Examples

Example. The two-element poset 2, which consists
of {0, 1} together with the relation 0 < 1, is a Boolean
algebra.

Example. Let X be a nonempty set and %(X) the
set of al subsets of X. Then P(X), with C as the re-
lation, is a Boolean algebra in which S+ T=SUT,
ST=SNT,0=0,1=X,andS= X — S, whereX — S=
{x e X |x € S}. Notethat if X hasonly one member then
P(X) hastwo elements, ¢, X, and is essentially the same
asthefirst example.

Diagrams can sometimes be drawn to show the order-
ing of the elementsin a Boolean algebra. Each node rep-
resents an element of the Boolean algebra. A nodethat is
connected to one higher in the diagram is “less than” the
higher one (Fig. 1).

Example. Let X be aset that ispossibly infinite. A
subset Sof X iscofiniteif itscomplement X — Sisfinite.
The set of all subsets of X that are either finite or cofinite
form a Boolean algebra under inclusion.

The preceding example is a specia case of the
following.

Example. A field of subsetsisanonempty collection
& of subsets of aset X £ ¢ that satisfies

1. HSTed thenSNTand SUT aredsoin¥.
2. If Se¥, thensois X — S.

A field of subsetsis a Boolean algebra under the inclu-
sion relation, and it is easy to see that
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1 xy) =1

Z

(A) (8)

(C)

FIGURE 1 Ordering of elements in a Boolean algebra. (A), 2;
(B), 2({x, ¥, 1); (C), P({x, y, z}), a={x}, b={y}.

S+T=SUT
ST =SNT
0=9
1=X

S=X-5S

Note that ¥ and X are in ¥ because ¥ # 0, so there
exists e F. Hence, e Fandso =N e ¥. Also
X=X-0e¥.

This is an important example because the elements of
the Boolean algebra are themselves sets rather than ab-
stract symbols.

Example. Let X @ beatopologica space. A set S
isregular openif S=INT(CL(S)). Theset ¥ of all regular
opensubsetsof X formsaBooleanagebraunder inclusion
and

S+ T = INT(CL(SUT))

ST=SNT
S= X —CL(S)
0=9¢
1=X

Notethat & isnot afield of setssince SU T may not be
aregular open set.
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C. Elementary Properties

The following theorem contains several elementary but
useful formulas.

Theorem. InaBoolean algebra B,

=

The following are equivalent:

() x =y, (i)x+y=y; (iii) xy=x.
(X+Y)+z=x+(y+2); (xy)z=X(y2).
X+Yy=Yy+X; yx=Xxy.

X+ X =X; XX =X.

X+ Xy=X; X(X + y) =X.

Ifx<y thenx+z<y+zandxz<yz

xy <u+vif and only if X0 <y + v; in particular,
xy=0if and only if x <y, and x <y if and only if
y<Xx.

8. X+ y=2xy; Xy=X+ ¥ (de Morgan’s laws).

9. X+yz=X+ y)(X + 2).

10. Complements are unique.

11. X=x.

Noorwd

Proof. We select some of these properties to prove.
First, in 1, we prove that (i) implies (ii). Given x <y, we
want to show that y is the least upper bound of x and y.
But this is immediate from the definition of least upper
bound. Indeed, x <y and y <y show that y is an upper
bound for x, y. Also if x <z and y < z for some z, then
y <z, s0Y istheleast upper bound.

For the first part of 6, simply notethat y + zisan upper
bound for x and z (since x < y) so the least upper bound
X+ zof x and zmust satisfy x +z<y+ z

For 7, first observe from the definition of the greatest
lower bound and the least upper bound that x + 1 =1 and
x1=x foral x. Now if xy <u -+ v, then

X0 = (x0)1 = (xa)(y + )
= (XO)y + (x0)y < x(Qy) + §y = x(y0) + ¥
=(xy)a+y<@Uu+va+y
=UO0+v0)+y=<(O0+v)+y=v+Yy

To prove the first part of 8, we show that X + y is the
greatest lower bound for X and §. Now sincex, y <X+,
wehaveXx +y<xXandx+y<y,by7,sox+yisalower
bound for x and y. But if z<x and z< y, then x <z and
y<z,s0x+y<zandthusz<x+y.

Formula 9 is just the “distributive law” with the + -
interchanged, and it indeed holds since (X + y)(X + 2 =
(X+Y)X+(X+Y)Z=XX+ YyX +XZ+Yyz=X+ Xy + XZ
+YyZ=X+Yyz

Finaly, statement 10, that complements are unique,
means that if there exist z; and z, satisfying x +z; =1,
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Xxz1=0 and x+2,=1, xz,=0, then z;=2,. Now to
prove this, z1 =21 1=z (X + 22) = 21X+ 212, =0+ 212>
<2z. Similarly, z, < z3 s0 2z = 2.

In aBoolean algebra B, any finite set S={xy, ..., Xn}
has a least upper bound (... ((X1 + X2) + X3) + - - ) + Xq.
This can be proved by mathematical induction, and in
fact the order and parentheses do not matter. That is,
X1 + (X2 + X3), (X2 + X1) + Xs, €tc., al represent the same
element, namely, the least member of B that is greater
than or equal to Xy, X2, and x3. Thus, we use the notation
Xp+ -+ +X,0r) Sor

ie(1,...,n)
for the least upper bound of a nonempty set S=
{X1, ..., X}. Similarly, Xy. .. X, 1S, and
[T x
ie(L,...,n)

represent the greatest lower bound of S. All of the prop-
erties listed above generalize in the obvious way. For
example,

1. IIS<s< ) SfordlseS
2. X+ S=TII{x+s|se S}
3. Y S=I{5|sc S}, TIS= Y {3|seS}.

Notethat, if S= ¢, then O satisfiesthecriteriafor beinga
least upper bound for the set S. So weextend thedifinitions
of > andITto) =0, MJ=1

As mentioned above, Boolean agebras can be defined
as algebraic systems

Definition. A Boolean algebrais a set B with two
binary operations +, -, a unary operation —, and two dis-
tinguished, but not necessarily distinct elements 0, 1 that
satisfies the following identities:

(X+Y)+z=x+(y+2); (xy)z=Xx(y2).
X+Yy=Yy+X Xy=yX.

X+ X =X; XX =X.

X+ Xy=X; X(X+Yy)=X.

X(Y4+2) =xy+Xz; X+ yz=(X+ Y)(X + 2).
0+ x=X; Ix=x.

X+x=1; xx=0.

Noas~wbdpE

A more concise definition of a Boolean algebra is as
anidempotent ring (R, +, -, 0)—intheclassical agebraic
sense—with unity. In this case, the least upper bound is
X + Yy + Xy; the greatest lower bound is xy; 0 and 1 play
their usual role; and X =1 — x.

Now that we have two definitions of a Boolean algebra,
wemust show that they are equivalent. Let usstart with the
poset definition of B. From thetheoreminthelast section,
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it is easy to see that by considering the + and - as opera-
tions, rather than asleast upper and greatest lower bounds,
all of the above identities are true. On the other hand,
suppose we start with a Boolean algebra B defined alge-
braically. We can then definearelation < on B by x <y if
andonly if xy = x. Thisrelationisinfact apartial order on
B since (1) xx=x impliesx <x; (2)if x<yandy < z,
then Xy =X, yz=Y, 0 xz=(Xy)z=X(yz) =Xy =X, SO
x<z;and(Q)if x<yandy=<x,thenxy=Xx, yx=y, s0
X =Xy =yx =Y. If we continue in this way, X + y turns
out to betheleast upper bound of x and y under the < that
we have defined, xy is the greatest lower bound, 0 is the
least element, 1 is the greatest, and X is the complement
of X. Thus B, under <, isaBoolean algebra.

Since both of these points of view have advantages, we
shall use whichever is most appropriate. Aswe shall see,
no confusion will arise on this account.

From the algebraic points of view, the definition of 2
and ?({x, y}), shownin Fig. 1, could be given by Tablel.

D. Subalgebras

A (Boolean) subalgebra is a subset of a Boolean alge-
bra that is itself a Boolean algebra under the original
operations.

A subset By of aBoolean algebrathat satisfies the con-
ditions 1-3 below aso satisfies the four definitions of a
Boolean algebra. Thisjustifies the following:

Definition. A subalgebra By of aBoolean algebra B
isasubset of B that satisfies

1. If X, y € By, then x + y and xy € Bo.
2. If x € By, then X € By.
3. 0,1¢B.

Every subalgebra of a Boolean algebra contains 0 and

1; {0, 1} isitself asubalgebra. The collection of finite and
cofinite subsets of aset X forms a subalgebra of P(X).

TABLE | Operator Tables for 2 and P({x,y})

Boolean Algebra2

— o+
» oo
e

= o] -
o o|o
 olk

|
~|o
ol

Boolean algebra ?({x, y}), wherea = {x}, b={y}

—|0ab1
|1ba0

= T 9 O|O

» T o o+
[ ol VI U )
» T r O|CT
B i
» oo Of-
o o o o|o
» O oW
o T o o|o
T P Olk




Boolean Algebra

Now suppose that S is a subset of a Boolean algebra
B. Let S ={5|se S}. Then the set of al elements of
theformx = >, 1S, wherethe S are finite nonempty
subsets of SU S, form a subalgebra of B. In fact, this
set is the smallest subalgebra of B that contains S. It is
denoted by [ §] and iscalled the subalgebraof B generated
by S. For x € B, [{x}] ={0, x, X, 1}; [{0, 1}] ={0, 1} and
[B] =B.

E. Ideals and Congruence Relations

Definition. Let B be aBoolean algebra. Anideal |
is anonempty subset of B such that

1 Ifx<y,yel,thenxel.
2. Ifx,yel, thenx+yel.

If | #B, then | iscalled aproper ideal.

Example. Theset | of finite subsets of (X) forms
anidedl.

Example. {0} and B are both idealsin any Boolean
algebra B.

Let B be a Boolean algebra. For be B, the set
{xeB|x<b} is caled a principal idea and is de-
noted by (b). Now let S be any subset of B. The set
{xeB|X<si+ :--- +%,5 € S} [denoted by (S)] isthe
smallest ideal in B that contains S. It is called the ideal
generated by S. Of course, if S= {b}, then (b) = ({b}).

Ideals are closely related to the standard algebaric no-
tion of a congruence relation. A congruence relation on a
Boolean algebra B isarelation © that satisfies

1. (x,x)e® fordl xe B.

2. (X, y)e®@implies(y, X) € ®.

3. (X, ¥) (Y, 2 ® implies(x, z) € ©.

- (X, ), (X1, y1) € © implies (X + X1, Y + Y1),
(XX, yy1) € ©.

. (X, y) e ®implies (X, y) € ©.

N

o

A congruenceralation ® on B determinesaBoolean a-
gebraB/® ={[X]e | X € B}, where[x]e isthecongruence
class determined by ®. There is a one-to-one correspon-
dence between the set of all congruenceson B and set of all
idealsin B. Thecorrespondenceisgivenby ® — |, where
x € | if (x, 0) € ©. Theinverse function | — ® isdefined
by (x,y)e®@if xdyel, wherex® y=xy-+ Xy Thus,
B/® is sometimes written as B/I, where | is the ided
corresponding to ®. In this notation, B/l is a Boolean
agebrain which

X/l +y/1 = (X +y)/l
X/1-y/l = (xy)/I
(x/1) =%/
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and

x/I =y/l
if there existsig € | such that

X+ig=Yy+io

F. Homomorphisms

Definition. Let B and B; be Boolean algebras. A
(Boolean) homomorphism is a function f : B — B; that
preserves the operations; that is,

f(x+y)=f(x)+ f(y).
f(xy) = f(x) f(y).
f(%) = T(x).

f(0)=0, f(1)=1.

~POODNPE

Homomorphisms preserve order; that is, if X <y, then
f(x) < f(y). But afunction that preserves order need not
be a homomorphism. Condition 3 is actually a conse-
quence of 1, 2, and 4 since f(X) is the complement of
f (x) and complements are unique.

Example. Let % beafield of subsetsof aset X (see
Section|.B) and select anelement p € X. Defineafunction
f:%—>2by

0 if pgsS

1S = {1 if pesS

To see that f is a homomorphism, we first show that f
preserves order. If S €S and f(S) =1, then f(§) <
1= (). But if f($)=0, then peS, s0 pe S,
since § CS. Therefore, f(§)=0= f(S). Since f
preserves order, wehave f(S) < f(SUS) and f(S) <
f(SUS), 0 f(S)+ (S =f(SUS). To prove
(U= f(S)+ f(S), suppose that f(S)+
f($)=0. Then since 2 consists only of 0 and 1,
we have f(§)=1($)=0 0 p¢gS ad p¢S.
Hence, p¢SUS, s0 f(SUS)=0. Next, we show
f(S)f(S) < (S NS); the reserve inclusion follows
since f preservesorder. If f(SNS)=0,then pg SN
S, so either pgS or P¢$S. Hence, f(S)=0 or
f(£)=0. In any case, f(S)f(S)=0. Since 3 is a
consequence of 1, 2, and 4 we turn to 4. Now p ¢ ¥ and
peX,so f(#)=0and f(X)=1.

Example. Let B be a Boolean algebra and
aeB,a#0. Theidea (a) is a Boolean algebra (not a
subalgebral) in which, if we denote the least upper bound
by x*, the greatest lower bound by x, and the complement
by —2, we havefor x, y € (a],
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Xxy=X+Y
X XY =Xy
X2 = ax

Also, O is the least element of (a] and a the greatest
element.

The function f : B — (a)], f(x) =ax is a homomor-
phism.

Example. Let| beanideal in aBoolean algebra B.
Thenv:B— B/I, v(X) =x/I isahomomorphism.

Definition. A homomorphism that is one to one and
onto is called an isomorphism.

If there exists an isomorphism f from B to B?, then
it is easy to see that f ~ is also an isomorphism. In this
case, B and B! are said to be isomorphic. Thisis an im-
portant concept because isomorphic Boolean algebras are
identical from the point of view of Boolean algebras. That
is, there is a one-to-one correspondence between their el-
ements and any property that can be expressed in terms of
<,+,-, 0,1, — that istrue about oneis also true about the
other. For example, the Boolean algebra 2 (see Table 1)
and the field of all subsets of the set { p} are isomorphic
under the correspondence 0 <> ¥, 1 <> { p}. Infact, wewill
see later that, for any positive integer n, there is only one
(up to isomorphism) Boolean algebra with 2" elements.
Put another way, every Boolean algebra with n elements
isisomorphic with the set of all subsetsof {1, ..., n}.

Thewell-known “homomorphism theorem” of classical
ring theory appliesto Boolean al gebras and can be formu-
lated asfollows. If f : B — B, isan onto homomorphism,
then B; is isomorphic with B/K, where K is the ideal
K={xeB]| f(x)=0}. Also let L; be a subalgebra of L
and | anidea inL. ThenLl={a®x|aeLy,xel}is
a subalgebra of L, and Ly/(L;N 1) isisomorphic with
Li/I.(Here,a®x=ax+ay.)

G. Duality

Let P be a mathematical statement concerning Boolean
algebras. Thedua of P isthe statement obtained from P
by interchanging the + and - operations and also inter-
changing the 0’sand 1’s, where they occur. There are two
duality principlesthat play arolein the study of Boolean
algebras. The first—weak duality—is a consequence of
the fact that, in the algebraic definition of a Boolean a-
gebra (Section |.C), al of theidentities appear along with
their dual statements. Thisimpliesthat, if P isastatement
that is true in al Boolean algebras, the dua of P isalso
true in all Boolean algebras. For example, the statement
“If x +y =2, then xz=0" isaways true in any Boolean
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algebra. Hence, itsdual “xy = zimpliesx + x =1"isaso
truein al Boolean algebras.

Thestrong-duality principleisthat, if astatement istrue
in a particular Boolean algebra B, its dual is also truein
B. Thereason for thisisthat B is “anti-isomorphic” with
itself; that is, x <y if and only if ¥ <X. For example, if
there exists an element b £ 0 in aBoolean algebra B such
that 0 < x < b implies x =0, then by strong duality there
must also exist an elementc#1in Bsuchthatc<x<1
impliesx =1.

Il. REPRESENTATION THEORY

A. The Finite Case

In this section we classify all of the finite Boolean
algebras. A useful concept for this purpose is that of an
atom.

Definition. Let B beaBoolean algebra. An element
acBiscdledanatomif aZ0andif x<a, thenx=0
orx=a.

Theorem. InaBooleanalgebraB, thefollowing are
equivalent for an element a £ 0.

1. aisanatom.
2. Ifa=x+y, thena=xora=y.
3. Ifas<x+y,thena<xora<y.

Proof. Supposefirstthataisanatomanda=x+y.
Thensincex <aand y < a, we have {x, y} C {0, a}. But
x and y cannot both be 0 sincea#0, so x=aor y=a.
Next supposethat 2 holdsanda <x +y. Thena=a(x +
y)=ax+ay,soa=axora=ay.Hence,a<xora<y.
Findly,if 3holdsand x < a,thena=a(x + X) = ax + ax;
thus,a=axora=ax.Soa<xora<gx.Butx<a,soif
a<xthenx=a,andifa<xthenx=xa=0.

Theorem. Let B be a finite Boolean algebra. Then
B isisomorphic with (A), where A is the set of atoms
of B.

Proof. For each be B, let p(b)={ac Ala<b}.
Now b — ¢(b) preservesorder forif by < by anda e p(by),
then a<b;<by, s0 aegp(by). Thus, ¢(bUe(by)C
(b1 + by). For the reverse inclusion, let a € ¢(b; + by).
Then a<b; + by, but by the previous theorem, a<b;
or a<h,, soacg(b) or acp(by). Hence, ac ¢(b) U
p(b). Itis aso easily seen that ¢ (1) N ¢(b2) = ¢(biby).
0(0) =9, p(1) = A, and ¢(b) = ¢(b). So ¢ isahomomor-
phism. Now for each b, let len(b) be the number of ele-
mentsinthelongest chainin B that hasb asitslargest ele-
ment. Thisdefinitionispossible since B isfinite. We shall
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prove, by induction, on the length of b that b= )" ¢(b)
for all b e B. If len(b) = 1, then b =0 so ¢(0) = @¥. Hence
0= > {0} = > ¢(0). Suppose that > o(x) =x for all x
such that len(x) < n. Now suppose len(b) =n. If bisan
atom, then be ¢(b), sob= Y {ac Ala<b}=¢(b), so
we can assume that b is not an atom. Then there exists
c#band d##Db such that b=c+d. But since ¢ < b and
d <b, we can conclude that len(c) <n and len(d) < n.
Thus,c= Y ¢(c)andd = _ ¢(d). It follows that

b=c+d=>) 0@+ ¢

= [e©+ed)] =) ¢lc+d)=> " ¢(b)

To complete the proof first note that, by distributiv-
ity, if SCA,aeA, and a< ) S, then a=a)_ S=
> {as|se S} and each as is either 0 or an atom. Now
let SeP(A). Then Y SeB and (3> 9 ={acAla<
> S} = S,so¢isonto. Finally, toshow that ¢ isonetoone,
let o(b1) = ¢(by); thenby = 3~ p(b1) = >~ ¢(b2) =by.

B. General Representation Theory

The representation of finite Boolean algebras as fields of
sets can be generalized to arbitrary Boolean algebras. In
this section we show how this is done and go farther by
showing that, as a category, Boolean algebras and homo-
morphisms are equivalent to a certain category of topo-
logical spaces and continuous functions.

Definition. Anideal | inaBooleanagebraB ismax-
imal provided that

1. | #B.
2. IfJisanideaand | CJCB,thenJ=1 or J=B.

It iseasy to seethat aprincipal ideal (b] is maximal if
and only if b is an atom. A more general theorem is the
following:

Theorem. Anided | ismaximal if andonlyif | # B
andxy el impliesxel oryel.

Proof. First suppose that | is maximal, xy € |, but
x¢ |l andy¢ |. Thentheideal generated by | U {x} prop-
erly contains | and, by hypothesis, mustbe B. So1€ B =
(lu{x}] and 1=i+x for someiel. Thus, X<i so
x e l.Similarly,y € | andhenceXy=x+y < |.Butthen
1=(xy)+ (Xy) € I, which implies that | = B, a contra-
diction.Soxel oryel.

Now assume the hypothesis of the converse and that
thereisanideal J suchthat | c JC B. Letxe J—1.To
prove B=J, let ze B. Then x(X2)=0el and x¢ | so
xzel. Hence, xz€ J. SO X +z=Xx+xze J and there-
foreze J. Thus, B=J.
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It can also be shown that anideal | is maximal if and
only if B/I isisomorphic with 2 and that the set of homo-
morphisms of B onto 2 are in one-to-one correspondence
with the set of maximal ideals. However, the crucial result
about maximal ideals concernstheir existence.

Theorem. In a Boolean algebra B every element
b +# 1 iscontained in amaximal ideal.

Proof. (Note: This proof requires a knowledge of
Zorn’s lemma.) Let % be the poset of proper ideals that
contain b; (b] isone such ideal. Now if ¥ isachainin®,
then U & is an upper bound for & sinceit isan ideal and,
being a union of ideals that do not contain 1, cannot itself
contain 1. So by Zorn’slemma, % hasamaximal element,
say |. Clearly, | isan ideal that contains b. Now if J is
an ideal that contains |, thenbe J,s0 Je®. But | isa
maximal element of %, so J=1; hence, | isamaximal
ideal.

Let B be a Boolean algebra and $ the set of maximal
idealsin B.Foreachbe B, letb={l € $ |b¢&1}.Itiseasy
toverify that B = {b | b € B} isafield of sets. Specifically,

61U62= by + by

brNby = biby
0=0
i=y
b=9-b

Moreover, theassignment ¢ : b— bisanisomorphism.
To see that ¢ is one to one, suppose by # b, and without
loss of generality say by £ b,. Then by + b, # 1. So there
isamaximal ideal | containing b; + by; thus, b, € | and
biel,sob;el.Thus, | 661, but | QBQ Hence, 61;&62.

For the topological representation theory, we start with
a Boolean algebra B and form a topologica space ¥(B)
as follows. The points of ¥(B) are the maximal ideals $
of B, and {X | x € B} is taken as a basis for the topol ogy.
This space is a compact Hausdorff space in which the
sets that are both open and closed (these turn out to be
exactly {X | x € B} form abasis. Such a space X iscalled
a Boolean (also Stone) space. Let %B(X) denote the field
of open—closed sets of a Boolean space.

Theorem. ForaBooleanalgebraB, B(S(B))isiso-
morphic with B and for each Boolean space X, F(%B(X))
is homeomorphic with X.

This identification can be extended to a coequivalence
€ (in the sense of category theory) that assigns to each
Boolean algebra B its corresponding Boolean space ¥(B)
and for each homomorphism f : B — B; the continuous
function f:9(By) — $(B) defined by f(I)= f~(l),
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Y 7 Y
S(B) = S(B,)

FIGURE 2 Coequivalence between homomorphisms and contin-
uous functions.

| € #(By). Furthermore, f~1[)] = f(x) for each x e B
(Fig. 2).

This coequivalence can be very useful since problems
in Boolean algebra can be transformed into questions
or problems about Boolean spaces that may be more
amenable to solution.

Ill. FREE BOOLEAN ALGEBRAS
AND RELATED PROPERTIES

The basic fact about extending functions to homomor-
phismsis given by the following:

Theorem. Let B, B; be Boolean algebras, £ SC
B, and f:S— By afunction; f can be extended to a
homomorphism g:[S] — By if and only if: (I) If [Ty <
> TothenIIf[T1] < > f[T], where Ty U T, isany finite
nonempty subset of S. (Note that this includes the cases
NT=0=TIf[T]=0 ad Y T=1= ) f[T]=1,
where T is afinite nonempty set).

Sketch of Proof. To define g:[S]— B, we set
gX} L, T = Y Mf[T]. The condition (1) is sufficient
to prove that g is awell-defined homomorphism. Clearly,

A free Boolean algebra with free generators {X; }i<| is
a Boolean algebra generated by {X; }i<; and such that any
function f :{xj |i €} — B; can be extended to homo-
morphism. Free Boolean algebras with free generating
sets of the same cardinality are isomorphic. For the ex-
istence of a free Boolean algebra with a free generating
set of cardinality o, we start with aset X of cardinality «.
Foreachx e X, let S, ={SC X |x € S}.Now {S | x € X}
freely generatesasubalgebra C of the power set of X. The
set {S( | X € X} is said to be independent because if sat-
isfies(yen S S Uyes Sy andimplies AN B # ¢ for any
finite nonempty subset AU B of X. But this condition
clearly impliesthat (1) holds, so C isfree.

Free Boolean algebras have many interesting proper-
ties:
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1. Every chainin afree Boolean algebrais finite or
countably infinite.

2. Every free Boolean agebra has the property that, if S
isasetinwhichxy=0foral x#yin S, then Sis
finite or countably infinite. (Thisis called the
countable chain condition).

3. Countable atomless Boolean algebras are free.

4. Thefinite free Boolean algebras are all of the form
P(P(9)) for finite S.

The Boolean space corresponding to the free Boolean
algebra on countably many free generators is the Cantor
discontinuum. So for example, the topological version of
“Every countable Boolean algebraisprojective” is“Every
closed subset of the Cantor discontinuum is a retract of
itself.”

IV. COMPLETENESS AND HIGHER
DISTRIBUTIVITY

The canonical work on this topic is “Boolean algebras”
by R. Sikorski, and there are many more recent results as
well. We present here only a brief introduction.

Definition. A Boolean algebra is complete if > S
and ISexist for all SC B.

For example, (S) is complete, as is the Boolean a-
gebra of regular open sets of a topological space. Here
one must be careful, for if Sisafamily of regular open
sets, NS may nhot be regular open. It can be shown that
[IS=INT(NS) and Y} S=INT(CL(UY)).

There are many useful ways to generalize the distribu-
tivelaw x(y + z) = xy = xz; we will restrict our attention
to the following:

Definition. A Boolean algebra is completely dis-
tributive provided that, if {&j}ici jes iSaset of elements
such that Zjejaij exists for each iel, Il Zjejaij
exists, and Ilicaj, exists for each ¢ eJ', then
Z%J.Hie.aw(i) exists and

[1> ai =2 [lawn
iel Jed peld! iel

A typical result involving these notions is the following:

Theorem. Let B be a Boolean algebra. Then the
following are equivalent:

1. B iscomplete and completely distributive.

2. Biscomplete and every element is a sum of atoms.

3. Bisisomorphic with the field of all subsets of some
Set.
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A striking theorem of Sikorski, from which it follows
that the injectivesin the category of Boolean algebras are
those that are complete, can be formulated as follows:

Theorem. If B, isasubalgebra of a Boolean alge-
bra B, Aisacomplete Boolean algebra, and f : B; — A
is @ homomorphism, then there exists a homomorphism
g:B— Asuchthatg|B;= f.

Proof. By Zorn’s lemma, there exists a homomor-
phism f;1: By — A that is maximal with respect to being
an extension of f. Wewill, of course, be doneif By = B,
SO suppose By C B. Select ae B — By and set

b= fil{xeBi|x<a}NBy.

Now, it can be shownthat a < x, x € By = b < f1(x), and
X <a, X € By= f1(x) < b, so by our theorem on extend-
ing functions to homomorphism, f; can be extended to
[{a} U Bo], contradicting the maximality of f;.

Another interesting series of results concerns the em-
bedding of Boolean algebras into ones that are compl ete.
Specifically, aregular embedding f : B — B; isaone-to-
one homomorphism with the property that, if > Sexists
in B, then }_ f[9 existsin B; and is equal to f(}_ B)
and similarly for products.

To outline one of the basisresults, we shall call anideal
closed if it is an intersection of principal ideals. The set
B of al closed ideals forms a complete Boolean algebra
under inclusion, and the map v: B — B, v(X)=(x] isa
regular embedding. Thepair (B, v) iscalledtheMacNeille
completionof B. B isisomorphicwiththeBooleanalgebra
of regular open subsets of the Boolean space of B.

V. APPLICATIONS

A. Logic

One of the most importance areas of application for
Boolean algebrasislogic. Indeed, many problemsinlogic
can bereformulated in terms of Boolean algebraswhere a
solution canbemoreeasily obtained. For example, thefun-
damental compactness theorem for the (classical) propo-
sitional calculus is equivalent to the theorem that every
element a £ 1inaBoolean algebrais contained in amax-
imal ideal.
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Thus, Boolean algebras can be used as models for log-
ical systems. A striking example of thisisthe ssimplifica-
tion of the independence proofs of P. J. Cohen by means
of Boolean models. For example, by studying the appro-
priate Boolean algebra, we can prove that the axiom of
choiceis not a consequence of set theory—even with the
continuum hypothesis.

To illustrate, we start with the set S of formulas
a,B,v,...0of the classical propositional calculus. An
equivalence relation = is defined by identifying « and
B, provided the « — 8 and 8 — « are both derivable. A
Boolean algebraisdefined onthe classes[«], [8], [v], - - -
by the partia ordering [«] <[B] if and only if « — B is
derivable.

The resulting Boolean algebra is caled the
Lindenbaum-Tarski algebra and is in fact the free
Boolean algebras with free generators [«], [B], [v].-- -,
where «, 8,y are the propositional variables. The
construction of the Lindenbaum-Tarski algebra for
the restricted prelicate calculus is similar, and it is
in this context that the independence proofs can be
given.

B. Switching Functions and Electronics

Switching functions are mathematical formulas that en-
able us to describe and design certain parts of electronic
circuits. They are widely used in both communications
and computer applications.

First, we shall define some notation. We use 2"
to represent the set of al n-tuples of elements in 2.
That is, 22 ={(0, 0), (0, 1), (1, 0), (1, 1)}, and so on. For
o € 2", we sometimes writeo = (o (), ..., o(n)), so for
0=(0,1) 2%, wehaves(l)=0and o (2) = 1.

A switching function is any function f :2"— 2. For
example, if n=2, there are 16 switching functions, the
values of which are given in Table ll.

Explicity, f7 is defined by f;(0,0)=0; f;(0,1) =1,
f7(1,0=1; f7(1,1)=0.

For x €2 (that is, x=0 or x=1), we write x°=x
and x'=x. Now for a fixed value of n, a switch-
ing function is called a complete product if it has the
form f(xq, ...,xn)=xf(1)...xg(”), where o €2". For
example, if n=3, then f(Xq, X2, X3) = X1 X2X3 IS @ com-
plete product, but f (X3X2X3) = XoX3 is not.

TABLE Il The 16 Switching Functions forn=2

fl f2 f3 f4 f5 fG f7 f8 f9 f10 f11 f12 f13 f14 f15 f16
©o o0 1 0o 1 0o 1 0 1 0 1 0 1 o0 1 0 1
o) o o 1 1 0o o 1 1 0 0 1 1 o0 o0 1 1
Lo 0o o o 0 1 1 1 1 0 O o0 O 1 1 1 1
L) o o o 0 0 O O O 1 1 1 1 1 1 1 1
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TABLE Il Table for Constructing Disjunctive Nor-
mal Forms for f(0,0)=1,f(0,1)=1, f(1,0)=0,

f(1,1)=1

Complete
o f(o) product f(o)x7Wxg@
(0,0 1 X1X2 1- X%
0,1 1 X1X2 1. XX
1,0 0 X1X2 0 X1%X2
(1, 1) 1 X1X2 1. X1X2

It turns out that every switching function can be written
asasum of complete products. Indeed, if f : 2" — 2isany
switching function, it can be written in the form.

(ke Xn) = Y Fo)x] @ xg®.
oe2n

To illustrate how to do this, suppose f(0,0)=1,
f(0,1)=1, f(1,0)=0, and f(1, 1) =1. Now, form the
table represented by Table I11. The products in the third
column are formed by putting the bar over the ith factor
when the ith component of o isO.

Next add theterms f (o)x*®x°@ to obtain f (1, X2) =
1X1Xo 4+ 1X1Xo + OX1Xo + 1X1Xp = X1Xo 4+ X1 Xo + X1 Xo.
This last form is called the disjunctive normal form, but
f can be simplified further since X;X, + X1 Xo + X1 Xo =
X1(X2 4+ X2) + XaX2 = K1 + X1Xp = (X1 + X1)(X1 + X2) =
X1+ Xo. That is, f (X1X2) =X1 + Xo.

Thus, starting with thevaluesof f, we have shown how
to represent f as aswitching function in disjunctive nor-
mal form. On the other hand, starting with an f defined as
afunctionof xy, . .., X, itiseasy torepresentitindisunc-
tivenormal form. Simply multiply eachtermby x; + %; for
each missing variable x; . An example will clarify the pro-
cedure. To put X1 X + X3 in disjunctive normal form, write

X1X2 + X3 = X1Xa2(X3 + X3) + X3(X1 + K1) (X2 + X2)
= X1X2X3 + X1XoX3 + X1 X2X3 + X1X2X3
+ X1XoX3 + X1 XoX3
= X1 X2X3 + X1X2X3 + X1 X2X3
+ X1X2X3 + X1X2X3

For agiven n, each disjunctive normal formisadistinct
function. So there are 2" distinct switching functions of
n variables, al of which are uniquely given in disjunctive
normal form as described above.

The application of switching functionsto circuit design
can be described as follows. Suppose that an electric cur-
rent is flowing from A to B and Xy, X represent on—off
switches (Fig. 3A). If x; and x, are both off, no current
will be detected at B, whereas if either x; of X, is on,
current will be detected at B. The circuit istherefore rep-
resented by x; + ;. Figure 3B represents x; x,. InFig. 3C,
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X1

Ar— —— B
%
(A)

Ay——t———>3B A—Pr—»-5
Xl X2
(8) (Cc)

FIGURE 3 Application of switching functions to circuit design.
(A) X1 + X2; (B) X1 X2; (C)X1.

the “black box” inverts the current. That is, if current is
flowing a A, no current reaches B, but if current is not
flowing from A, current will be detected at B.

To see how switching circuits are used in this context
we consider a “half-adder.” This is an electronic circuit
that performs the following binary arithmetic:

0 0
+0 +1

—Ocarry:O —1carry:0

1 1
+0 +1

_lcarry:O _Ocarry:1

It is called a half-adder because it does not take into ac-
count any carries from previous additions.

Now, if the addends are named A and B, the sum S,
and the carry C, Table IV describes the arithmetic. From
our previous discussion we can write S= AB + AB and
C = AB. Thedesign of the half-adder is shown in Fig. 4.

Theexpression AB + AB isquitesimple, butin design-
ing more complicated circuits, economies can be made by
algebraically simplifying the switching functions. There
are several such methods. The Veitch-Karnaugh and
Quine methods are examples.

C. Other Applications

Boolean algebras, especially with additional operations,
have applications to nonclassical logic, measure theory,

TABLE IV Half-Adder Table

A B Sum Carry
0 0 0 0
0 1 1 0
1 0 1 0
1 1 0 1
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A _ _
5 AB
B L [ @ g B+AB
A I
AB

FIGURE 4 Design of the half-adder.

functional analysis, and probability. A detailed summary
of these can be found in R. Sikorski’s “Boolean Alge-
bras” A concise exposition of nonstandard analysis—via
Boolean algebra—can be found in A. Abian’s “Boolean
Rings”

SEE ALSO THE FOLLOWING ARTICLES

ALGEBRA, ABSTRACT e ALGEBRAIC GEOMETRY e CIR-
CUIT THEORY ¢ MATHEMATICAL LOGIC ¢ SET THEORY
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I. Two Basic Problems in Calculus

. Limits

lll. Functions and Their Graphs

IV. Differentiation

V. Integration

VI. Fundamental Theorem of Calculus
VII. Infinite Series
VIIl. Some Historical Notes

GLOSSARY

Antiderivative A function F is called the antiderivative
of the function f if F'(x)= f(x).

Chain rule Provides a rule for finding the derivative of
f(x) if the value of f at x is found by first finding
u = g(x),then h(u);thatis, f(x) = h(g(x)). Inthis case,
if g and & are differentiable, then f'(x) =h'(g(x))g’(x).

Derivative The derivative of a function f is the function
f’ defined at x by

, . fle+h)— f(x)

= i
whenever this limits exists.

Differential When the function f has a derivative f”(xo)
at xg, the differential is the quantity f’(xo)h where i is a
small number; if y = f(x), it is common to represent £
by dx and to define the differential tobe dy = f’(x¢) dx.

Exponential function While f(x)=2>" is, for any posi-
tive number b, an exponential function, the term is com-
monly applied to the situation in which b =e where e
is the number 2.718 (rounded to three decimals).

Function Rule that assigns to one real number x a unique
real number y; one commonly lets a letter f (or g, A,
etc.) represent the rule and writes y = f(x). The con-
cept of function is used in more general settings, but
always with the idea of assigning to members of one
set (the domain of the function) a unique member of
another set (the range of the function).

Fundamental theorem Speaking loosely, the two princi-
pal ideas of calculus both relate to a graph of a function
y = f(x). One is concerned with how to find the slope
f'(x) of a line tangent to the graph at any point x; the
other asks how to find the area under the graph between
x =a and x = b. The fundamental theorem relates these
seemingly unrelated ideas. A more technical statement
of the theorem is to be found below.

Graph If a function f is defined for each real number x
in a set, then we may set y = f(x) and plot the points
(x, y) in the xy plane to obtain a “picture” correspond-
ing to the function. More formally, the graph of f is
the set G ={(x, f(x)): x is in the set on which f is
defined}.

Indefinite integral Another term for the antiderivative.
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Infiniteseries A sequence (s, } inwhich eachtermisob-
tained from the preceding one by adding oneterm; thus
S, = S,_1 + a,. Suchaseriesiscommonly represented
by a; + ax + ---. Termsmay befunctionsa, (x), soa
series may represent a function as well as a constant.

Inflection point If afunction f is continuous at xq, then
xoiscaledaninfliectionpointfor f if thegraphchanges
fromacurvethat holdswater (convex) to onethat sheds
water (concave) or conversely at xg.

Integral Also called the definite integral of f between
x =a and x = b. It may be described informally asthe
area under the graph of y = f(x), but such a definition
is subject to logical problems. A formal definition of
the Riemann integral is given below.

Limit When two variables are related to each other by a
clear rule; that is, when y = f(x), we may ask how y
is affected by taking values of x closer and closer to
some fixed value xq, or by taking values of x that get
larger and larger without bound. If y also getscloser to
some fixed yo, then we say in the two cases described,

yo= lim f(x) or yo= lim f(x).
X—X0 X—>00

Natural logarithm Thelogarithm of apositivenumber N
toabaseb > Oistheexponentr suchthat 5" = N. When
the base b is chosen to be the number e & 2.7, then the
logarithm is said to be the natural logarithm of N.

Tangent Whilethereisanintuitive idea of what is meant
by atangent to the graph of y = f(x) at (xo, f (x0)) (it
isthe line that just touches the curve at the point), the
logically satisfactory way to define it is to say that it
is the line through the specified point that has a slope
equal to f’(xo).

CALCULUS is the branch of mathematics that provides
computational (or calculating) rulesfor dealing with prob-
lemsinvolving infinite processes. Approximating the cir-
cumference of a circle by finding, for larger and larger
values of n, the perimeter of a regular inscribed n-sided
polygon illustrates an infinite process. Since we cannot
hope to complete an infinite process, our only hope is to
establish that the longer acertain processis continued, the
closer it comes to some limiting position. Thus, calculus
is sometimes described as the study of limits, or defined
as the discipline that provides agorithms and standard
procedures for calculating limits.

. TWO BASIC PROBLEMS IN CALCULUS

Problem 1. If to each rea number x we assign a
second number y = x2, the resulting pairs (x, y) may be

Calculus

-4

[
’

,}...M||||1WII|HH“m

|
-1 -3 0 3 [

FIGURE 1 The curve is y =x2.

used as coordinatesto locate pointsrelative to a set of per-
pendicular axes (Fig. 1). Theresulting curveisaparabola,
acurve studied by the Greeks and frequently encountered
in applications of mathematics.

The problem we wish to consider is that of finding the
shaded area OPQ under the parabol a, abovethex axisfrom
0-1. Archimedes (287-212 B.c.) could have solved this
problem using what he called the method of exhaustion.
Thelineof attack we shall useissuggested by Fig. 2, from
which we see that the desired areais

(a) less than the area of rectangle A; given by
R =1(1)?=1

(b) less than the sum of the areas of rectangles B; and
B, given by

2 2
Re=3(3)"+3(3)

(c) less than the sum of the areas of rectangles C1, C»,
and C3 given by

(b) (c)
FIGURE 2 The curve is y =x2.
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2 2\2 3\2
Rs=13(3)"+3(3)" +3(3)
Proceedinginthisway, weseethat after n steps, thedesired
areawill belessthan

2 2 2
Rn:}<}) _}.}(g) ++}(E) (1)
n\n n\n n\n

but intuitively, at least, this process should bring us closer
and closer to the desired answer.

Thisisnot exactly Archimedes’ method of exhaustion,
but it is clearly an exhausting process to carry out as n
increases. It is, in fact, an infinite process.

Problem 2. Our second problem again makes refer-
enceto thegraph of y = x2. Thistime we seek the slope of
thelinetangent tothegraph at P(1, 1). That is, with refer-
enceto Fig. 3, wewish to know the ratio of the “rise” BT
to the “run” PB (or, stated another way, we wish to know
the tangent of the angle that PT makes with the positive
x axis). Our method, certainly known to Fermat (1601-
1665), is again suggested by a sequence of pictures.

From the graphsin Fig. 4, we seein turn

BiS: (1+1)2-1°

(@ dopePS; = PB, 1 =
_BS (14 1/2)? — 12 5

(b) dopePSs, = PB, — 12 =5
B (1+ 1/3)? — 17 7

(c) dopePS; = PB, — 13 =3

And again there is a pattern that enables us to see where
we will be after n steps:

B.S, _ (1+1/n? 12

dopePS, = PB. Un )
Y1a
3 T
2
| P B
PO AR

FIGURE 3 The curve is y = x°.
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FIGURE 4 The curve is y =x2.

Theslopeof thedesired lineisevidently thelimiting value
of thisinfinite process.

Our interest in both Egs. (1) and (2) focuses on what
happens as n increases idenfinitely. Using the symbol
— 00 to represent the idea of getting large without bound,
mathematicians summarizetheir interest in Eq. (1) by ask-
ing for

. . 1/1 2 1/2 2 1/n 2
imR,=lim|=(=) +=(=) +---+~~
n—o00 n—oo|l n\n n\n n\n

and in Eq. (2) by asking for

2_ 12

n—00 n n—00 1/n

Il. LIMITS

Calculusissometimessaid to bethe study of limits. Thatis
because the nature of an infinite process isthat we cannot
carry it to completion. We must instead make a careful
analysis to see if there is some limiting position toward
which things are moving.

A. Algebraic Expressions

Limits of certain algebraic expressions can be found by
the use of simplifying formulas. Archimedes was greatly
aided in his study of the area under a parabola because he
had discovered

P+22+.4nP=lan+ D20 +1)  (3)

Sometimesthe limit of aprocessis evident from avery
minor change of form. The limit of the sum (2) aboveis
easily seen if wewriteit intheform
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B,S, _ . (+1/n? -1
0 T s oo 1/n
2 _
— lim 1+2/n+1/n-1
n—00 1/n
= lim@2+1/n)=2 (4
n—00

lim

n—oo

Not every question about limits is concerned with the
conseguence of a variable growing large without bound.
Thestudent of calculuswill very soon encounter problems
in which a variable approaches zero. A typica question
asks what happens to the quotient

Vx+h—x
h

as h gets closer and closer to zero. Since both the nu-
merator and the denominator approach zero, the effect on
the quotient is not obvious. In this case, alittle agebraic
trickery helps. One notes that

(W I>W+I (x+h) —x
h VX+h+ VX h(Vx+h+Jx)
1
:\/x—i-h—i-ﬁ

Inthisform, itisclear that ash getsvery small, thequotient
approaches 1/(2,/x); we write

lim N ~|— -vx 1
h—0 Zﬁ

©)

B. The Natural Base

Aninvestment yielding 8% per year will, for aninvestment
of A dollars, return A +0.084 = A(1+ 0.08). If theinvest-
ment isonethat addsinterest semiannually, thentheinvest-
ment will be worth A +1(0.08)A = A(1+0.08/2) =S
after 6 months, and by the end of the year it will
have grown to S+ 2(0.08)5 =85(1+0.08/2)=A(1+
0.08/2)? = A(1.0816).

If mter&st is added every month (taken for convenience
to be 15 Of ayear), theinvestment at the end of ayear will
have grown to

0.08\
A(1+ E) = A(1.0830)

There is a definite advantage to the investor in having the
interest added as frequently as possible.

Jakob Bernoulli (1654-1705) once posed the follow-
ing problem. An investment of A dollars at i % that adds
interest at the end of each of n periods will yield

Calculus

AL +i/n)

Will this sum grow infinitely large if the number n of pe-
riodsisincreased to the point where interest is apparently
being added instantaneously?

This apparently frivolous problem is one that involves
an infinite process. It is also a problem that, as we shall
see bel ow, has profound implications. In order to free our-
selves from considerations of a particular choice of i and
to focus on the principal question of what happens as n
increases, let us agreeto set n =mi:

AL+ i/n)" = A[(L+ 1/m)"]

Now study what happens as m increases to the expression

(e 2y ©

Beginners will be excused if they make the common
guess that as m gets increasingly large, e,, gets increas-
ingly closeto 1. Eveninthefaceof early evidenceprovided
by the computations

=(1+1)=200
= (1+1)?%=

3
=(1=3=3%
beginners find it hard to believe that asm gets larger and
larger, e, will eventually get larger than 2.71, but that it
will never get aslarge as 2.72. They are more incredulous
when told that the number that e,, approachesrivals = as
one of the most important constants in mathematics, that
it has been given the name e as its very own, and that
accurate to 10 decimal places, e = 2.7182818285.
If in Egs. (6) wereplace 1/m by h, we get an expression
often taken as the definition of e:

lim(1 -+ " = e

9
9-225

=237

From here it is a short step to a second limit to which we
will refer below:

. eh —
lim
h—0 h

=1 0

C. Trigonometric Expressions

A final tricky but important limit must be mentioned. Stu-
dentsin elementary school learn to measure anglesin de-
grees. When the angle x is so measured, then one finds
that

5‘25 _o01743r 3% _ 0017445
"
9”1 — 0.017452
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FIGURE 5 Radius of the circle is arbitrary. The angle is 1 radian
~57°.

and that in general

sinx T
lim 2% = T _ 0017453
% T 180

This awkward number would permeate computations
madein calculus, wereit not for auniformly adopted con-
vention. Radians, rather than degrees, are used to measure
angles. Thecentral angleof acirclethat interceptsan arc of
length equal totheradius (Fig. 5) issaid to have ameasure
of oneradian. The familiar formulafor the circumference
of acircle tells us that there will be 2z radians in a full
circleof 360°, hencethat 7 radians= 180°. Using radians
to measure the angle x, it turns out that

lim 2% — ¢ )
x—>0 Xx
For thisreason, radians are always used to measure angles
in calculus and in engineering applicationsthat depend on
calculus.

lll. FUNCTIONS AND THEIR GRAPHS

When the value of one variable y is known to depend on
a second variable x, it is common in ordinary discourse
aswell asin mathematics to say that y isafunction of x.
An important difference must be noted, however. General
usage is commonly imprecise about the exact nature of
the relationship (corporateincomeisafunction of interest
rates), but mathematicians use the term to imply aprecise
relationship. For agiven value of x, aunique vaueof y is
determined. Mathematicians abbreviate this relationship
by writing y = f(x).

Just as a corporation may draw a graph showing how
its income has varied with changing interest rates, so a
mathematician may draw a graph showing how y varies
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TABLE | Table of Values

X y=24/X —x?
0 0

1 1 1 15
i 2(2)*E=E
1 1 1o

L 24 -4~12
1 2J/1-1=1

with changes in x. There are short cuts to drawing such
graphs, many of them learned in the study of analytic
geometry, which is taught prior to or along with calculus.
But even without shortcuts, the method of calculating a
table of values and then plotting points can be used to
sketch a useful graph. This latter processisillustrated in
Table | and Fig. 6 for the function y = f(x) =2/x — x2.

IV. DIFFERENTIATION

A. The Derivative Defined

Suppose that the distance y that an automaobile has trav-
dled in x hours is given by y = f(x). We pose the fol-
lowing question. What does the speedometer read when
x=27?

As afirst step, we might find the average speed during
the third hour by computing

(distanceat x = 3) — (distanceat x =2)  f(3) — f(2)
time elapsed T 3-2

Itisclear, of course, that the average speed over the third
hour hardly tells us the speedometer reading at x =2. To
get even a reasonable approximation to the speedometer
reading at x = 2, we would want an average over a much
smaller time interval near x =2. Let i represent some
fraction of an hour after x =2. The average speed over
this time interval would be

X y
T 0 0
1 15
J ) 16
i 1.2 (approx.)
+ 1 1

4— x
|

ml—

FIGURE 6 This is the graph of y =2./X — x2, drawn by plotting
from the table at the right.



322

(distanceat x = 2+ h) — (distance at x = 2)
2+hn)-2
_ [+ -1
h
No information would be gained by setting 2 = 0, but the
smaller the positive number £ is taken, the better will be

our estimate of the speed at x = 2. And more generally, the
speedometer reading at time x will be approximated by

flx+h)— f(x)
h

speed at timex = ,Ilirg) (9

Consider now asituation in which water runs at 8in.%/
sec into a cone-shaped container that is 12 in. across at
thetop and 12 in. deep (Fig. 7). The height y of the water
risesquickly at first, lessquickly asthelevel rises. Infact,
using theformulafor thevolume of acone, wecan actualy
determinethat theheight y attimex will bey = 2¥12x /7,
but for our purposes here it suffices to notice that

y = f(x)

We now ask how fast, in inches per second, y isin-
creasing when x = 2. One way to get started isto find the
average rate at which y increased during the third minute.

(heightat x = 3) — (heightatx =2)  f(3) — f(2)
elapsed time - 3-2

Sincetherate is slowing down as time passes, however,
it is clear that we would get a better approximation to the
rateat x = 2 if we used asmaller timeinterval near x = 2.
Again we let i represent some short interval of time after
x = 2. Again we see that the desired rate at x = 2 will be
given by the limit of

(height at x = 2+ /) — (height at x = 2)
h

_fe+h) - @)
h

;

y

|

FIGURE 7 Water at height y in cone.
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TABLE Il Meaning of the Derivative

Given meaning of f(x) Interpretation of f’(x)

Distance: f(x) isthe distance amoving
object travels from some fixed starting
pointintimex.

Amount: f(x) gives the measure of some
changeable quantity (volume of a gives the measure in
melting ice cube, length of a shadow) at (units)/(time interval)
time x. of the rate at which
the quantity is
changing.

Slope of atangent line:
the line tangent to the
graph at (x, y) has
slope f/(x).

Velocity: f/(x) givesthe
velocity at time x.

Rate of change: f/(x)

Graph: The coordinates (x,y) of points
on agraph in the plane are related by
y=f(x).

And again for an arbitrary time x, we see that the rate at
which height increasesis

i SO0 — f()
h—0 h

Finally, look again at our introductory Problem 2. Using
the notation f(x)=x? now available to us, we see that
Eq. (2) may be written in the form

fA+1/n)— f(1)
1/n

We find the slope of thelinetangent to thegraphat x =1
by taking the limit of this expression as n — 1. Similar
reasoning at an arbitrary point x, making the substitution
h =1/n, would lead usto the conclusion that the slope of
aline tangent to the graph at x is given by

flx+h)— fx)
h

(10)

slopePS, =

slope = Il|_r3"(|) (11
whenever thislimit exists.

The expression that we have encountered in Egs. (9),
(10), and (11) turnsup timeand againintheapplications of
mathematics. For agiven function f, the derived function
or derivative f” isthe function defined at x by

/ . fx+h)— f(x)
19 = fim T
It isimportant to recognize that the meaning of the deriva-
tive is not restricted to just one interpretation. The three
important ones that we have discussed are summarized in
Table 11. Thus, the computational techniques developed
by Fermat and other mathematical pioneers have turned
out to be of central importance in modern mathematical
analysis.

B. Some Derivatives Calculated

We begin with a calculation that can be checked against
the answer of 2 obtained in Eq. (4) as the slope of
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the line tangent to the graph of y=x? at x=1. For

fx)=x2, f(x+h)=(x+h)®=x242xh +h? 0

fO+h)— f(x) _ x®+2ch+h*—x* _ h(2x +h)
h B h Tk

flx+h) - fx)
h

f'x) = lim (12)

= lim(2x + h) = 2x
h—0
Thevalueof f'(1) =2, as predicted.

For the function £(x) = x2, we need to use the fact that
flx+h) = (x+h)°=x3+ 3x%n + 3xh? + K3 Then

oy e PR = ()
10 = fim T
= }Ilin?)(3x2 +3xh4+h?) =3  (13)
For the function f(x) = /x, we make use of the previ-
ously noted limit in Eg. (5) to write
J(x+h) = fx)

LRSS
o Nxth—x 1
=n h =on W

Equations (12), (13), and (14) illustrate ageneral result
that Newton discovered by using the binomial theorem
(which he aso discovered):

If f(x)=x" wherer isany rea number,
then f/(x)=rx""1. (15)

Two special cases, both easy to prove directly, should
be noted here because we need them later. Whenr = 1, the
formulatellsusthat thederivativeof f(x) =xisf'(x)=1;
and any constant function f(x) = ¢ may be thought of as
f(x)=cx°, so that the formula gives the correct result,
f'(x)=0.

The exponential function E(x)=e* is important in
mathematicsand important to an applicationweshall men-
tion below. Let us use the property of exponents that says
et = e*e" and Eq. (7) to find

x+h X

—e
E'(x) = lim
(X) h—0 h

: € —4L &
- 1|1|—r>T(])e ho ¢ (16)
Functions of the form f(x) =ke* are the only functions
that satisfy f’(x) = f(x), and this fact accounts for the
great importance of the exponential function in mathe-
matical applications.
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Finally, we note that differentiation is a linear opera-
tion. This means that if f and g are differentiable func-
tions and » and s are real numbers, then the function
h defined by h(x) =rf(x)+sg(x) is differentiable, and
h(x)=rf'(x) + sg'(x).

C. The Derivative and Graphing

Therule just stated, together with our ability to differen-
tiate both /x and x?, enables us to find the derivative of
f(x)=2/x — x?, whichisgraphed in Fig. 6:

fi(x) =2/2x — 2x

This means that the tangent line to the graph at x = %
is fl(Q)=2-3=3ax=1itis f/()=1-2=-1.
Of more interest is the fact that the continuous function
f'(x), in passing from 2 at x=1to —1 at x=1, must
be 0 somewhere between x = ;11 and x = % Where would
f'(x) =07 Evidently this occurs at the high point of the
graph, and herein liesanother great source of applications.
The maximum or minimum of a function can often be
found by finding the value of x for which f/(x)=0. For
the example at hand, setting

1//x—2x=0
gives
1/J/x = 2x

Squaring both sides and multiplying through by x gives
1=4x%0rx =y % ~0.63. That is not avalue that would
be easily guessed by plotting points. The information
now in hand enables us to draw a much better graph of
y=2/x — x? (seeFig. 8).

The connection between the values of f’(x) and the
slope of lines tangent to the graph of y = f(x) enables
us to prove the so-called mean value theorem. This theo-
rem says that if two points on the graph of y = f(x), say
(a, f(a)) and (b, f (b)) are connected by a line segment,
then at some point ¢ located between x =a and x = b,
there will be atangent to the graph that is parallel to the
line (Fig. 9). The formal statement of this theorem is as
follows.

Mean value theorem. Let f bedifferentiable on an
interval that includesa and b initsinterior. Then thereis
apoint ¢ between a and b such that

010 _
—a

Suppose f’ is positive on a certain interval.
Then if x; < x2, the mean value theorem tells us that

fx2) = f(xa) = fi(e)xz —x2) > 0
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FIGURE 8 The maximum occurs at (0.63, 1.19). This is an im-

provement on Fig. 6 illustrating that calculus provides information
enabling us to improve our graph.

We conclude (Fig. 10) that f must be increasing on the
interval. Similar reasoning leads to the conclusion that if
f'(x) <Oonaninterval, f isdecreasing on theinterval.

If f isdifferentiable at a point x =a where its graph
achieves arelative high point, then since f swithcesfrom
an increasing to adecreasing function at that point, f/(x)
switches from positive to negative at x = a. We conclude
that f'(a) =0 (Fig. 10). It can similarly be shown that
a differentiable function will have a derivative of O at a
relative low point.

An analysis of the graph of y = 5(x) = sinx can help
us anticipate what §’(x) might be. In Fig. 11, note the
tangent segments sketched at the high point H, low point

(b, (b))

(a, f(a)

[
[
|
|
I
I
l
I
I
|

a c b
FIGURE 9 The tangent line is parallel to the secant line.
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(x2, f(xz))

(X| ’ f(x|))

X X, a
f'(x)>0 f'(x)<0

FIGURE 10 The function increases when f’(x) > 0, decreases
when f/(x) <0.

L, and the points P, Q, and R wherethe graph of y =sinx
crosses the x axis. The dlopes at H and L are clearly 0,
meaning that S’'(/2) = $'(37/2) = 0. We have plotted
these points on the second set of axes in anticipation of
graphing y = S'(x).

We aso note from the symmetry of the graph of y =
sinx that if the dope at P is k, then the slope at Q will
be —k and the slope at R will be k again. The appropriate
points are again plotted on the second set of axes.

A person familiar with trigonometric functions who
thinks about passing a curve through the plotted points
might well guess the S’'(x) = cosx. Verification of this
result depends on use of the addition formulas for the
sine function and, as has been mentioned previously,
on the use of radian measure, which alows the use of
Eqg. (8).

FIGURE 11 The top curve is a sine wave.
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D. Four Important Applications
1. Falling Bodies

Wehaveseenthat if y = f(x) describesthedistance y that
a body movesin time x, then f'(x) gives the velocity at
time x. Let ustake this another step. Suppose the velocity
is changing with time. That rate of change, according to
the second principle in Table 11, will be described by the
derivative of f'(x), designated by f”(x). The change of
velocity with respect to timeis called accel eration; accel-
eration at time x is f(x).

When an object is dropped, it picks up speed asit falls.
Thisiscalled theacceleration dueto gravity. Thereis spec-
ulationasto how Galileo (1564-1642), with the measuring
instruments available to him, came to believe that the ac-
celeration due to gravity is constant. But he wasright; the
acceleration isdesignated by ¢ andisequal to 32.2 ft/sec?.

Now put the two ideas together. The acceleration is
f"(x); the acceleration is constant; f”(x) = —g. We use
—g because the direction is down. What function, if dif-
ferentiated, gives the constant —g? We conclude that
f'(x)=—gx +c. The ¢ isincluded because the deriva-
tive of a constant is 0, so we can only be sure of f’(x)
up to a constant. Since f’(x) is the velocity at time x,
and since f’(0) =c, the constant ¢ is usually designated
by vg, which stands for the initial velocity—allowing
the possibility that the object was thrown instead of
dropped.

Thefunction f’(x) = — gx + v iscalledtheantideriva-
tiveof f”(x) = —g. Now to find the distance y that the ob-
ject has fallen, we seek the antiderivative of f'(x); what
function was differentiated to give f/(x)=—gx + vg?
Contemplation of the derivatives computed above leads
to the conclusion that

y = f(x) = —3gx2+ vox + Yo

thistime the constant yo representstheinitial height from
which the object was dropped or thrown.

2. Growth and Decay

Imagine an island nation in which the population p is
unaffected by immigration into or out of the country. Let
the size of the population at time x be p = f(x). Then
according to the second principle of Tablell, f/(x) isthe
rate of growth of the population.

L et us make the reasonable assumption that the rate at
which the population grows at time x is proportional to
the size of the population at that time. Trandated into the
language of calculus, this says

f'(x) = kf(x) 1
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Thisisadifferential equation. We are asked to find afunc-
tion, the derivative of which is a constant multiple of the
function with which we started. If we recall from Eqg. (16)
that E'(x) = E(x) for E(x) =¢*, we can quite easily con-
vince ourselves that a solution to (17) is

p=flx)=e" (18)

This explains why it is said that population grows expo-
nentially.

We need not be talking about people on an island. We
might be talking about bacteria growing in a culture, or
icemelting in alake. Anytime the general principleisthat
growth (or decay) is proportional to the amount present,
Eq. (17), perhapswith negative k, describesthe action and
Eq. (18) provides a solution.

3. Maxima and Minima

The usefulness in practical engineering and scientific
problems of our ability to find a high or low point on a
graph can be hinted at with the following simple problem.
Suppose that a box isto be made from a 3-ft-square piece
of sheet metal by cutting squares from each corner, then
folding the edges up (see Fig. 12) and welding the seams
aong the corners. If the edges of the removed squares are
x inlength, the volume of the box is given by the function

y=f(x) =x(83—2x)% = 4x® — 12x2 + %
whichisgraphed in Fig. 13. The derivativeis
f(x) = 12x2 — 24x + 9 = 3(2x — 1)(2x — 3)

from which we see that with x restricted by the nature of

the problem to be between 0 and g’ the maximum volume

is obtained by choosing x = 3.

— X 143‘2)(—»1 X l—
|
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FIGURE 12 Construction of a box.
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y = x(3-2x)?

FIGURE 13 Maximum occurs at (3, 2).

4. Approximation

Suppose we seek a quick estimate for +/9.54. We might
proceed as follows. The function f(x)=./x has, ac-
cording to Eq. (14), a derivative of f'(x)=1/2./x. The
line tangent to the graph of y=.,/x a x=9 has a
slope of f/(9) = % (Fig. 14). The equation of thislineis
y—3= %(x -9).

When x isalittlelarger than 9, it isclear that the corre-
sponding value of y onthetangent lineisgoingto belarger
than the value of y given by y = ,/x. But if x is not too
much larger than 9, the two values will be approximately
equal. In fact, when x = 9.54, the two values are

y =3+ %(9.54—9) =309
y = +/9.54 ~ 3.08869

This gives us a method of approximating f(x) near a
value xg where f(xo) is easily calculated.
We use

y = f(x) & f(xo0) + f'(x0)(x — x0)

2 a4 6 8 10
FIGURE 14 The curve is y = \/X. The line is tangent at (9, 3). lts
slope is ¢.

X
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Thereisaschool of thought that saysthat the derivativeis
best understood as a tool that enables us to approximate
f(x) inaneighborhood of xo with alinear function.

V. INTEGRATION

A. The Integral Defined

We introduced our discussion of differentiation with a
problem about an automobile. We shall do the same in
introducing integration.

The acceleration of an automobile is often judged by
how fast it can go from a standing position to a speed of
60 mph (88 ft/sec). Consider acar that can dothisin 10 sec.
Its velocity v is afunction of x, the number of seconds
sinceit started: v = g(x), where g(0) =0 and g(10) = 88.
The question we pose is this. How far will this car have
travelled in the 10-sec test?

Distance equalsrate timestime, but our problem isthat
the rate keeps changing. We must therefore approximate
our answer. One way to approach the problem is to sub-
divide the time span into n intervas, to pick a time ¢
between each x;_; and x;, and use g(¢;) as the approx-
imate speed during that interval. Then the approximate
distance travelled during the time from x; _; to x; would
be g(#;)(x; — x;_1), and the total distance traveled would
be approximated by

distance = g(11)(x1 — xo) + g(r2)(x2 — x1) + - --
+ (1) (xn — xn-1) (19

Intuition tells us that smaller subintervals will result in
better approximations to the total distance traveled.

Weturn our attention now to the subject of work. Physi-
cists define work done in moving an object to be the
product of the force exerted in the direction of motion
and the distance moved. If a constant force of 15 Ib is
exerted in pushing an object 20 ft, then it is said that
20 x 15=1300 ft - Ib of work has been done.

Anyone who has pushed an object along a floor knows,
however, that it takes more force to get the object moving
thanto keep it moving. Inthisand other realistic situations
(stretching a spring), the force is likely to change as the
distance from the starting point changes. We say that the
force F isafunction of the distance x: F = f(x).

How, when f = f(x), shall we find the work done in
moving from x =a to x =b5? A sensible approximation
might be found in this way: Subdivide the segment from
a to b into n subintervals. In each subinterval x;_; to x;,
choose apoint ¢; and use f(¢;) as an approximation of the
force exerted over the subinterval (Fig. 15).

The total work done would then be approximated by
the sum
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F=f(x)
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FIGURE 15 Total work done approximation.

Fr)(x1 — x0) + f(2)(x2 — x1) + - - -
+ f(t)(xn — Xxu-1) (20)

Intuition suggests that better approximations can be
obtained by taking more intervals of shorter length.

Asafinal motivating example, wedirect attension again
to problem 1, the problem of finding the area under the
parabolic graph of y =x? from x =0 to x = 1. If we set
£ (x) = x2, then, corresponding to apartition of theinterval
into n segments, the area can be approximated (Fig. 16)
by the sum

ft1)(x1 — x0) + f(t2)(x2 — x1) + - -
+ f(ta)(xn — x0-1) (21)

wheret; ischosento satisfy x; _1 <t; < x;. Figure 2 shows
the areas obtained if we choose n =1, 2, and 3, respec-
tively, if we choose intervals of equal length and if in ev-
ery case we choose r; = x;, the right-hand endpoint. If we
choosen intervals of equal lengthsothat x; — x;_1=1/n
for every i, and if we chooset; = x; =i /n, then Eq. (21)
becomesthe sum R, givenin Eq. (1).

/
/

|
I
|
|
I
I
1
1

/
e

4

Xo f[ Xy fa X2

3 X3

FIGURE 16 The curve is y = x2. The intervals may be unequal,
the t; located differently (not a center, or always the same propor-
tion of the way between x; _; and x;) within the intervals.
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When we write Eq. (1) in the more general form of
Eq. (21) and then compare Eq. (21) with Egs. (19) and (20),
we seethat the problem Archimedes considered of finding
theareaunder aparabolal eadsto acomputationthat comes
upinother problemsaswell. Thereare, infact, problemsin
virtually every areaof engineering and sciencethat lead to
sumslike Eg. (21) above. They are called Riemann sums.

Let us state things formally. A partition of the interval
froma to b into n segmentsisaset P of points:

P={a=xo<x1<x2<--+<xp_1<Xx, =b}

In each subinterval wesdlectatag;: x;_1 <t; < x;. Noth-
ing in the theory says that the intervals must be of equal
length, or that the; must all be chosenin acertain way—a
fact we emphasized in Fig. 16. Thelongest of the subinter-
valsiscalledthegaugeof P, andthisnumber isdesignated
by |P|. It is to be noted that when we require | P| to be
less than some certain g, then every subinterval of P has
length lessthan g. If g is defined for al x between a and
b, then corresponding to a choice of a partition P and a
selection of tags {¢; }, we can form the Riemann sum

R(f, P, {t;}) = f(t1)(x1 — x0) + f(t2)(x2 — x1) + - -
+ f(tn)(xn - xn—l)

For alarge class of functions, it happens that by speci-
fying a small enough number g, we can guarantee that if
|P| < g, then the sum R(f, P, {#;}) will be very close to
some fixed number—and this will be true no matter how
thetags{t;} are chosen in the subintervals. Such afunction
f is said to be Riemann integrable on the interval from
a to b. The value around which the sums congregate is
designated by an elongated S, stretched between an a and
ab, and set before the functional symbol f:

b
|1
This number is called theintegral of f.

Which functions are integrable? Numerous answers
can be given. Monotone increasing functions, continuous
functions, and bounded functions continuous at al but a
finite number of points are all integrable. Suffice to say
that most functions that turn up in applied mathematics
areintegrable. Thisisalso agood placeto say that follow-
ing the work of Lebesque (1875-1941), the integral we
have defined has been generalized in numerous ways so
as to enlarge the class of integrable functions.

B. Evaluation of Integrals

No matter what the source (distance traveled, work done,
etc.) of a Riemann sum, the corresponding integral may
be interpreted as an area. Thus, for f(x)=x, we easily
see (Fig. 17) that
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y=f(x)=x

X

FIGURE 17 Interpreting an integral as an area.

=]+

When a function is known to be Riemann integrable,
thenthefact that a/l Riemann sumsget closeto the correct
value for partitions with sufficiently small gauge means
that we may useany convenient sum. Wehave seenthat for
f(x) = x2, one such sum was given by R, as expressed
in Eqg. (2):

()G )
Ri=—[-) +—-(-) +---+—-[ -
n\n n\n n\n

= 1(12+22+ +n?)

_ﬁ .« n
We have already said that Archimedes was helped in his
work because he knew Eq. (3), enabling him to write

R n

171
— [—n(n +1)(2n + 1)}
ns 6
} n\(n+ IN/2n+1
6\ n n n

R, = %(H 1)(z+ E)

6 n n

Since the partition used here had n equal intervals, the

requirement that the gauge get smaller is equivalent to
requiring that n get larger. Thus,

! 1 1
/0 x? = lim R, = 6(1)(2) =3

With almost no extra effort, the length of the interval can
be extended to an arbitrary b, and it can be determined
that
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Proceeding in just this way, the mathematician
Cavalieri (1598-1647) was able to find formulas simi-
lar to Eq. (3) for sums of the form 1¥ + 25 + . .. 4+ n* for
k=1,2,...,9. Hewasthus ableto prove that

b . bk+l
= 22
/o | (22)

for al positive integers up to 9, and he certainly correctly
anticipated that Eq. (22) holds for all positive integers.
But each value of k presented a new problem, and as we
said, Cavalieri himsalf stalled on k = 10. Reasonabl e peo-
ple will be discouraged by the prospect of finding | f f
for more complicated functions. Indeed, the difficulty of
such calculations made most such problems intractable
until thetime of Newton (1642-1727) and Leibniz (1647—
1716), when discovery of the fundamental theorem of cal-
culus, discussed below, brought such problems into the
realm of feasibility.

The computer age has changed all that. For a given
function, itisnow possibleto evaluate Riemann sumsvery
rapidly. Along with this possibility have come increased
emphaseson variationsof Riemann sumsthat approximate
fab f. These are properly studied in courses on numerical
analysis.

Before leaving the topic of evaluation, we note that,
like differentiation, integration is a linear operator. For
two integrable functions f and g and two real numbers r

and s,
[ervso=r[res[

Thus, using what we know from our calculations above,

/01(4)6—2)62):4/le—2/:x2=4<%>
_2(1>:i‘
3) 3

It seems more difficult to group the diverse applications of
integration into major classifications than is the case for
differentiation. We shall indicate the breadth of possibili-
tieswith several examplestypically studied in calculus.

C. Applications

1. Volumes

Suppose the graph of y = x? isrotated about the x axisto
form a so-called solid of revolution that is cut off by the
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(?i, yi)

Xi-1 Xj

FIGURE 18 The curve y =x? has been rotated about the x axis
to generate a solid figure.

planex =1 (Fig. 18). A partition of thex axisfromOto 1
now determines a series of planes that cut off disks, each
disk having a volume approximated by 7 y?(x; — x;_1)
where y; = tiz for some 1; between x; _; and x;. Summing
these volumes gives

ntf(xl — xo0) + ntf(xz —x1)+--+ rrtf(x,, — Xp—1)

which has the form of a Riemann sum for a function
f(x)=mx* It converges to an integral that we can eval-
uate with the help of Eq. (22).

1 1 1
Volume:/ nx4:n[ x4:n<—>
0 0 5

2. Length of Arc

Suppose the points A and B are connected by a curve that
isthe graph of y = g(x) for x between a and b (Fig. 19).
The length of this curve is clearly approximated by the
sum of the lengths of line segments joining points that
have as their first coordinates the points of a partition of
the x axisfroma to b. A typical segment has length
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I =(xi —xi_1)?+ (i — yi_1)?

= V(x — xi-1)2 + [g(x;) — g(xi-1)]2

If the function g is differentiable, then from the Mean
Value Theorem, we see that

g(xi) — g(xic1) = g'(t)(xi — xi-1)
wheret; isbetween x;_;, and x;. Thus

[ =v1+4[g'{t)]? (xi — xi-1)

and the sum of these lengthsis
V1+[g'(t)]? (x1 — x0) + - --
+v 1+ [g/(tn)]z (xn - xn—l)

This has the form of a Riemann sum for the function

f(x) =1+ [g'(x)]?. It convergesto an integral we take
to be the desired

b
Length:/ V14+[g'(x)]?

3. Normal Distribution

If in a certain town we measure the heights of al the
women, or the 1Q scores of al the third graders, or the
gallonsof water consumed in each singlefamily dwelling,
we will find that the readings cluster around a number
calledthemean, x. A common display of thereadingsuses
abar graph, agraphinwhichthepercentage of thereadings
that fall between x;_; and x; isindicated by the height of a
bar drawn over theappropriateinterval (Fig. 20a). Thesum
of al the heights (all the percentages) should, of course,
be 1.

Asthe size of theintervalsis decreased and the number
of data points is increased, it happens in a remarkable
number of cases that the bars arrange themselves under
the so-called normal distribution curve (Fig. 20b) that has
an equation of the form
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a=x Xy Xp Xz Xq=b

FIGURE 19 An arbitrarily drawn curve, together with a sequence
of secant lines being used to (roughly) approximate the length of
the curve.
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a b
(a) (b)
FIGURE 20 A pair of histograms, the second one indicating how
an increasing number of columns leads to the concept of a distri-
bution curve.

y = defm()cf.?)2

The constants are related to the rel ative spread of the bell-
shaped curve, and they are chosen so that the area under
thecurveis1. The percentage of readingsthat fall between
a and b isthen given by

b
/ de™ m(x — x)?

VI. FUNDAMENTAL THEOREM
OF CALCULUS

Up to thispoint, calculus seemsto be neatly separated into
two main topics, differential calculus and integral calcu-
lus. Historically, thetwotopicsdid devel op separately, and
considerable progress had been made in both areas. The
genius of Newton and Leibniz was to see and exploit the
connection between the integral and the derivative.

A. Integration by Antidifferentiation

Let y= f(x) be the distance that a moving object has
traveled from some fixed starting point in time x. We have
seen (Table 1) that the velocity of the object at time x
is then given by v = f'(x). Since the value of f’(x) is
also the slope of the line tangent at (x, y) to the graph of
y = f(x), ageneral sketch of v = f'(x) may be drawn by
looking at the graph of y = f(x); see Fig. 21.

Fromthegraphof y = f(x), weseethat fromtimex =a
totimex =5,

Distance traveled = f(b) — f(a) (23)

At the same time, we argued in setting up Eq. (19) that
if the velocity v of amoving object is given by v = g(),
then the distance traveled would be approximated by what
we came later to see was a Riemann sum that converged to

b
[ s
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Thus, in the present situation with g = f’ as the velocity
function, we see that from thetime x =a to x = b,

b
Distance traveled = / f (24)

Comparison of Egs. (23) and (24) suggests that

b
/"f=f®—f@

Thefunctionbeingintegratedis f’, thederivative of the
function f ontheright side of theequal sign. Thefunction
fisinturncalledtheantiderivativeof f’. Therelationship
lies at the heart of the calculus.

Fundamental theorem of calculus. Let F be any
antiderivative of f; that is, let F be afunction such that
F'(x)= f(x). Then

b
/f=F®—F@

B. Some Consequences

In Eq. (15), we saw that if f(x)=x", then f'(x) =rx" 1.
It follows that the antiderivative of f(x)=x" would, for
r#-—1,be

Distance
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FIGURE 21 A graphof y = f(x) on the top axes with two tangent
segments having a slope of 1, an intermediate segment with slope
>1, and a low point with slope 0. The lower curve, obtained by
plotting the slopes of representative tangent lines, is the graph of

y = f/(x).
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1
F — r+1
() r+ 1x
Consequently, for any r # —1 the fundamental theorem
gives us
b 1 1
r— F(b)=F — br+l_ r+1
/(; * ®) (@) r+1 r+ 1a
For a =0 and r chosen to be a positive integer, we have
Cavalieri’sresult [Eq. (22)].
Thecaser = —1lisof specid interest. Since f(x) =1/x
is continuous for x > 0,
I
1 X

existsforany b > 0. Yet thefunction f(x)=1/x hasnho
simple antiderivative. Suppose we set

L(t):/;%

This function turns out to have the following interesting
properties:

L'(t) = % L") =x

The second property meansthat L istheinverse of the ex-
ponential function; it exhibitsall the properties associated
with alogarithm function. Since L(e) = 1, wesay L isthe
logarithmic function having e as its base; it is called the
natural logarithm.

VII. INFINITE SERIES

In discussing Approximation above, we noted that the
value of

y=fx)=x
could be approximated for values of x near 9 by using
y="Ti(x) = f(9) + f'(9x —9),

the function having as its graph the line tangent at x =9
to the graph of y = /x. We might explain the usefulness
of T, asaway to approximate f near x = 9 by observing
that T, and its first derivative both agree with f at x =9,
That is,

79 = f(9) and T7(9) = f'(9

This viewpoint has a wonderfully useful generalization.
Consider the function

To(x) = f(9) + f/(9x — 9) +

Its first and second derivatives are

G

5 - 9)?
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L) =9+ f'9x —9)
T (x) = "(9)
This function and its first two derivatives agree with f at

x =9; that is, we see by substituting in the expressions
just given that

) =f9). 9=/ T =/,

It seems reasonabl e, therefore, to guessthat 7, (9.54) will
give us a better approximation to +/9.54 than we got with
T1 (9.54) = 3.09. Indeed, since

f”@)==(%><—%)x,
- ()22

1 1/-1

7,(9.54) = 3+ 6(0.54) + 2(108

The actual value correct to five places to the right of the
decimal is 3.08869, so we have improved our estimate.

The full generalization is this. Suppose a function and

itsderivatives at apoint xq are known or easily cal culated.
Then the nth degree Taylor polynomial is defined to be

Nlw

and

)(0.54)2 = 3.08865

T,(6) = £(50) + £ Go)x = x0) + Lo e — 2
IS fn(TO)(X _xo)n
n!

This polynomial can be used to estimate f for values of
x near xg, and the larger n istaken, the better the estimate
will be. Taylor polynomials of degreen = 6 for somewell
known functions are seen in Table 1.

We are now in a position to get some idea of how cal-
culators determine the values of familiar functions. The
following table gives the actual values for the sine and
cosine of angles near xo = 0, and, for comparison, the val-
ues of the polynomials S(x) and C(x) defined above. To
get the resultslisted, one must remember that in calculus,
angles must be measured in radians.

TABLE Il
Function Taylor polynomial of degree 6
. X3 )CS
sinx Sx)=x — 1 + El
2 4 6
X X X
CoSx C(x):1_5+ﬁ_a
2 6
X X
er E(X)=1+)C+E+"'+a
3 5
X X
Arc tan x A(x)=x — 3 + =
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TABLE IV
X (degrees) x(radians) Sin x S(x) Cosx C(x)
1 0.0174533 0.0174524 0.0174524 0.9998477 0.9998477
2 0.0349066 0.0348995 0.0348995 0.9993908 0.9993908
3 0.0523599 0.0523360 0.0523360 0.9986295 0.9986295
4 0.0698132 0.0697565 0.0697565 0.9975641 0.9975641
5 0.0872664 0.0871557 0.0871558 0.9961947 0.9961947
10 0.1745329 0.1736482 0.1736483 0.9848078 0.9848077
15 0.2617994 0.2588192 0.2588192 0.9659258 0.9659258
20 0.3490659 0.3420201 0.3420204 0.9396926 0.9396926
25 0.4363323 0.4226183 0.4226190 0.9063078 0.9063077
30 0.5235987 0.5000000 0.5000023 0.8660254 0.8660252
35 0.6108652 0.5735764 0.5735829 0.8191520 0.8191514

In atable of values accurate to seven placesto theright
of thedecimal, onemust get to 5 degrees before any differ-
ence shows up between sin x and its polynomial approxi-
mation S(x); and the polynomial approximations S(x) and
C(x) givesix placeaccuracy for sin x and cosx for values
of x all the way through 20 degrees.

Though manufacturers of calculators use variations,
the idea illustrated in the Table IV gives correct in-
sight into how calculators find values of trigonomet-
ric functions; they make use of polynomial approxima-
tions. Greater accuracy can be obtained by using Tay-
lor polynomials of higher degree. It is sufficient, of
course, to obtain accuracy up to the number of digits
to the right of the decima that are displayed by the
calculator.

The last function listed in Table Ill, Arctanx, is the
inverse tangent function. If y =Arctanx, then x =tany.
It is included so we can address another question about
which people sometimes wonder. Since tan 30° = 2 and
30° = % radians, substitution of x = % into the polyno-
mial approximation for Arc tan x gives

AU S S SN
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Multiplication by 6 gives us the approximation of
7 ~ 3.138 Rounding to two decimals to the right of the
decimal, we get the familiar approximation of 3.14. More
accuracy can be obtained by using a Taylor polynomial
of higher degree, and there are tricks that yield much bet-
ter approximations using just the 7th degree polynomial
employed here, but again we stop, having illustrated our
point. Familiar constantssuch as s (and ¢) can be approx-
imated using Taylor polynomials.

While our discussion of infinite series has given some
indication of the usefulness of the ideg, it is important to
indicate that a great deal more could be said. Thus, while
Taylor series provide an important way to represent func-
tions, they should be seen as just one such representation.

= 0.5230

Fourier series provide another useful representation, and
there are others.

Also, while we have approached infinite series by way
of representing functions, we might well have started with
therepresentation of individual numbers. Thefamiliar use
of 0.333- .- =1 isredly astatement saying that the infi-
nite sum

3+3+3+
10 102 108

gets closer and closer to % ; that is, the finite sums

s, — 3 N 3 N 3
© 10 107 10"
get closer to % asn, the number of terms increases.
The addition of an infinite number of termsisnot atriv-

ial subject. The history of mathematics includes learned
discussions of what value to assign to

1-1+1-1+41—--.
Some argued that an obvious grouping shows that
@a-n»+@a-H»+@2-1)+---=0
Others countered that
1-1-1)-1-1—---=1

and Leibniz, one of the developers of calculus, suggested
that the proper valuewould therefore be % . Thereareother
instances in which famous mathematicians have chal-
lenged one another to find the value of an infinite series
of constants. James Bernoulli (1654-1705) made it clear
that he would like to know the sum of

IR
479" 16 n2 '

but it wasn’t until 1736 thzzat Euler discovered that thissum
got closer and closer to %
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VIIl. SOME HISTORICAL NOTES

Archimedes, with his principle of exhaustion, certainly
had in hand the notion of approaching a limiting value
with a sequence of steps that could be carried on ad in-
finitum, but he was limited by, among other things, the
lack of aconvenient notation. The algebraic notation came
much later, and the idea of relating algebra to geome-
try was later still, often attributed to Descartes (1596-
1650), but arguably owing more to Fermat (1601-1665).
Fermat, Barrow (1630-1677), Newton’steacher, Huygens
(1629-1695), Leibniz’s teacher, and others set the stage
inthe first half of the 17th century, but the actual develop-
ment of the calculusis attributed to |saac Newton (1642—
1727) and Gottfried Wilhelm Leibniz (1646-1716), two
geniuses who worked independently and were ultimately
drawninto argumentsover who devel oped the subject first.

Evidence seems to substantiate Newton’s claim to pri-
macy, but his towering and deserved reputation as one of
the greatest thinkers in the history of mankind is surely
owing not so much to what he invented, but what he did
with it. In Newton’s hands, calculuswas atool for chang-
ing theway humans understood the universe. Using cal cu-
lusto extrapolate from hislaw of universal gravitation and
other laws of motion, Newton was ableto analyze not only
the motion of free falling bodies on earth, but to explain,
even predict the motions of the planets. He was widely
regarded as having supernatural insight, a reputation the
poet Alexander Pope caught with the lines,

Nature and Nature’s laws lay hid in night:
God said, “Let Newton be!” and all was light.

Leibniz, on the other hand, developed the notation that
made the cal culus comprehensible to others, and he gath-
ered around himself the disciples that took the lead away
from Newton’s followers in England, and made the con-
tinent the center of mathematical life for the next cen-
tury. James (1654-1705) and John (1667-1748) Bernoulli,
Leonhard Euler (1707-1783), and others applied calculus
toahost of problemsand puzzlesaswell applied problems.

The first real textbook on calculus was Analyse des In-
finiments Petits Pour L’intelligence des Lignes Courbes,
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written by the Marquis de I’Hospital in 1696. It wasn’t
until 1816, however, that atext by Lacroix, Traité du Cal-
cul Différentiél et du Calcul Intégral, having been well
received in France for many years, was transated into
English and so brought the methods used on the conti-
nent to the English speaking world. Through all of these
books there ran an undercurrent of confusion about the
nature of the infinitesimal, and it was not until the work
of Cauchy (1789-1857) and Weierstrass (1815-1897) that
logical gaps were closed and calculus took the form that
we recognize today.

The most recent changes in the teaching of calculus
grew out of an effort during the decade from 1985-1995
to reform the way calculus was to be taught in the United
States. A summary of that effort is presented in Calculus,
The Dynamics of Change.

SEE ALSO THE FOLLOWING ARTICLES

ALGEBRAIC GEOMETRY e DIFFERENTIAL EQUATIONS,
ORDINARY e DIFFERENTIAL EQUATIONS, PARTIAL e
INTEGRAL EQUATIONS o NUMERICAL ANALYSIS e STO-
CHASTIC PROCESSES
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I. The Complex Plane
II. Analytic and Holomorphic Functions
Ill. Cauchy Integral Formula
IV. Meromorphic Functions
V. Some Advanced Topics

GLOSSARY

Analytic function A complex function with a power
series expansion. An analytic function is holomorphic
and conversely.

Argument In the polar form z =re'? of a complex num-
ber, the argument is the angle 6, which is determined
up to an integer multiple of 2.

Cauchy integral formula A basic formula expressing
the value of an analytic function at a point as a
line integral along a closed curve going around that

point.
Cauchy-Riemann equations The system of first-order
partial differential equations u, =v,, u, = —v,, which

is equivalent to the complex function f(z) =u(x, y)+
iv(x, y) being holomorphic (under the assump-
tion that all four first-order partial derivatives are
continuous).

Conformal maps A map that preserves angles infinites-
imally.

Disk A set of the form {z:|z — a| < r} is an open disk.

Domain A nonempty connected open set in the complex
plane.

Complex Analysis

Chung-Chun Yang

Department of Mathematics, The Hong Kong
University of Science and Technology

Half-plane The upper half-plane is the set of complex
numbers with positive imaginary part.

Harmonic function A real function u(x, y) of two real
variables satisfying Laplace’s equation u,, + u,, =0.

Holomorphic functions A differentiable complex func-
tion. See also Analytic functions.

Laurent series An expansion of a complex function as a
doubly infinite sum: f(z)= Y o a,(z —c)".

Meromorphic function A complex function that is dif-
ferentiable (or holomorphic) except at a discrete set of
points, where it may have poles.

Neighborhood of a point An open set containing that
point.

Pole A point a is a pole of a function f(z) if f(z) is ana-
lytic on a neighborhood of a but not at a, lim,_,,
f(2)=o00, and lim,_, ,(z — a)kf(z) is finite for some
positive integer k.

Power series or Taylor series Anexpansion of acomplex
function as an infinite sum: f(z)= Y ., a,(z —c)".

Region A nonempty open set in the complex plane.

Riemann surface A surface (in two real dimensions)
obtained by cutting and gluing together a finite or infi-
nite number of complex planes.
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TO OVERSIMPLIFY, COMPLEX ANALYSIS is cal-
culus using complex numbers rather than real numbers.
Because a complex number a +ib is essentidly a pair
of real numbers, there is more “freedom of movement”
over the complex numbers and many conditions become
stronger. As aresult, complex analysis has many features
that distingush it from real analysis. The most remarkable
feature, perhaps, isthat a differentiable complex function
always has a power series expansion. This fact follows
from the Cauchy integral formula, which expresses the
value of afunction in terms of values of the function on a
closed curve going around that point.

Many powerful mathematical techniques can be found
incomplex analysis. Many of thesetechniquesweredevel-
oped in the 19th century in conjunction with solving prac-
tical problems in astronomy, engineering, and physics.
Complex analysis is now recognized as an indispens-
able component of any applied mathematician’s toolkit.
Complex analysisis aso extensively used in number the-
ory, particularly in the study of the distribution of prime
numbers.

In addition, complex analysis was the source of many
new subjects of mathematics. An example of this is
Riemann’s attempt to make multivalued complex func-
tions such as the square-root function single-valued by
enlarging the range. Thisled him to the idea of aRiemann
surface. This, inturn, led himtothetheory of differentiable
manifolds, a mathematical subject that is the foundation
of the theory of general relativity.

I. THE COMPLEX PLANE

A. Complex Numbers

A complex number isanumber of theforma + ib, where
a and b are real numbers and i is a square root of —1,
that is, i satisfies the quadratic equation i2+ 1=0. His-
torically, complex numbers arose out of attemptsto solve
polynomial equations. In particular, in the 16th century,
Cardano, Tartaglia, and otherswereforced to use complex
numbers in the process of solving cubic equations, even
when al three solutions are real . Because of this, complex
numbers acquired a mystical aura that was not dispelled
until the early 19th century, when Gauss and Argand pro-
posed a geometric representation for them as pairs of real
numbers.

Gaussthought of acomplex number z = a + ib geomet-
rically asapoint (a, b) in thereal two-dimensional space.
This represents the set C of complex numbers as a real
two-dimensional plane, called the complex plane. The x-
axisis called the real axis and the real number « is called
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the real part of z. The y-axisis called the imaginary axis
and the real number b is called the imaginary part of z.

The complex conjugate 7 of the complex number z =
a + ib isthe complex number a — ib. The absolute value
|z| isthe real number v/a2 + b2. The (multiplicative) in-
verse Of reciprocal Of z isgiven by the formula

1_ Z _ a—1ib
2zl JaZ b2

The complex number z =a + ib can also bewrittenin the
polar form
z=re'’ =r(cosf +ising),

where
r =+va?+ b2,

The angle ¢ is caled the argument of z. The argument is
determined up to an integer multiple of 2. Usually, one
takes the value 6 so that — <6 <; this is caled the
principal value of the argument.

tand = y/x.

B. Topology of the Complex plane

The absolute value defines ametric or distance function d
on the complex plane C by

d(z1, 22) = |21 — z2|.
This metric satisfies the triangle inequality
d(z1, 22) + d(z2, z3) = d(z1, 23)

and determines a topology on the complex plane C. We
shall need the notions of open sets, closed sets, clo-
sure, compactness, continuity, and homeomorphism from

topology.

C. Curves

A curve y isacontinuous map from areal interva [a, b]
to C. The curve y issaid to be closed if y(a) = y(b); it
is said to be open otherwise. A simple closed curve is a
closed curve with y (1) = y(r2) if and only if 1, = a and
t, =b.

Anintuitively obvioustheorem about curvesthat turned
out to bevery difficult to proveisthe Jordan curvetheorem.
Thistheoremisusually not necessary in complex analysis,
but is useful as background.

The Jordan Curve Theorem. The image of a sim-
ple closed curve (not assumed to be differentiable) sepa-
rates the extended complex plane into two regions. One
region isbounded (and “inside” the curve) and the other is
unbounded.
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D. The Stereographic Projection

It is often useful to extend the complex plane by adding
a point oo at infinity. The extended plane is called the
extended complex plane and is denoted C. Using astereo-
graphic projection, we can represent the extended plane
C using a sphere.

Let S denote the sphere with radius 1 in real three-
dimensional space defined by the equation

2 2 2
xp+x;+x3=1

Let the xq-axis coincide with the rea axis of C and let
the x,-axis coincide with imaginary axes of C. The point
(0,0,1) on S is cdled the north pole. Let (x1, x2, x3)
be any point on S not equal to the north pole. The point
z=x+1iy of intersection of the straight line segment
emanating from the north pole N going through the point
(x1, x2, x3) with the complex plane C isthe stereographi-
cal projection of (x1, x2, x3). Going backwards, the point
(x1, x2, x3) is the spherical image of z. The north pole
is the spherical image of the point co at infinity. The
stereographic projection is a one-to-one mapping of the
extended plane C onto the sphere S. Thesphere S iscalled
the Riemann sphere. The stereographical projection has
the property that the angles between two (differentiable)
curvesin C and the angle between their imageson S are
equal.

The mathematical formulas relating points and their
spherical images are as follows:

RS 5 SN et x—|Z|2_1
PTIhRR PTiA+R) T 14 P
and
X1+ ixo
Z:
l—X3

Let z; and z, betwo pointsinthe plane C. Thespherical or
chordal distance o (z1, z2) between their spherical images
onSis

2|z1 — 22|
V1t lzlV1+ Iz
Let do and ds be the length of the infinitesimal arcon S
and C, respectively. Then

do =2(1+ |z|) tds.

o(z1,22) =

E. Connectivity

We need two notions of connectedness of setsin the com-
plex plane. Roughly speaking, aset is connected if it con-
sistsof asinglepiece. Formally, aset S isconnectedif Sis
not the union A U B of two digjoint nonempty open (and
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hence, closed) subsets A and B. A set iSsimply connected
if every closed curve in it can be contracted to a point,
with the contraction occurring in the set. It can be proved
that aset issimply connected in C if itscomplement in the
extended complex plane is connected. If A is not simply
connected, then the connected components (that is, open
and closed subsets) of its complement C not containing
the point co are the “holes” of A.

A region is a nonempty open set of C. A domain is
a non-empty connected open set of C. When r > 0, the
set {z:]z—c| <r} of al complex numbers at distance
gtrictly less than r from the center ¢ is called the open
disk with center ¢ and radius r. Its closure is the closed
disk {z: |z — c| < r}. Open disks are the most commonly
used domainsin complex analysis.

Il. ANALYTIC AND HOLOMORPHIC
FUNCTIONS

A. Holomorphic Functions

Let f(z) denote a complex function defined on a set
in the complex plane C. The function f(z) is said to be
differentiable at the point a in  if the limit

im L@+ = @

h—0 h

is a finite complex number. This limit is the derivative
f'(a) of f(z) a a. Note that the limit is taken over all
complex numbers /i such that the absolute value |#| goes
to zero, so that i ranges over a set that has two real di-
mensions. Thus, differentiability of complex functionsisa
much stronger condition than differentiability of real func-
tions. For example, the length of every (infinitesimally)
small line segment starting from « is changed under the
function f(z) by thesamereal scaling factor | f/(a)|, inde-
pendently of the angle. The formal rules of differentiation
in calculus hold also for complex differentiation.

It is possible to construct complex functions that are
differentiable at only one point. To exclude these degen-
erate cases, we only consider complex functions that are
differentiable at every point in aregion 2. Such functions
are said to be holomorphic on Q.

B. The Cauchy-Riemann Equations
and Harmonic Functions

A complex function f(z) canbeexpressedinthefollowing
way:

f@) = flx+iy) =ulx,y) +iv(x,y)



446

where u(x, y) is the rea part of f(z) and v(x, y) isthe
imaginary part of f(z). Thefunctionsu(x, y) and v(x, y)
arerea functions of two real variables.

Differentiability of the complex function f(z) can be
rewritten as a condition on the real functions u(x, y) and
v(x, y). Let f(z) = ulx, y)+iv(x, y) beacomplex func-
tion such that al four first-order partial derivatives of u
and v are continuous in the open set . Then a necessary
and sufficient conditionfor f(z) tobeholomorphiconQ2is

du v du  dv
ax 3y’ dy  dx

These equations are the Cauchy—Riemann equations. In

polar coordinates z =re'?, the Cauchy-Riemann equa-

tionsare

ou ov ou ov

“or o0 a0 ar
The square of the absolute value of the derivative is the
Jacobian of u(x, y) and v(x, y), that is

QP = e e

dx dy  dy 0x

A harmonic or potential function h(x,y) is a rea
function having continuous second-order partial deriva-
tives in a nonempty open set Q in R? satisfying the two-
dimensional Laplace equation

3%h  3%h

0x2 + 0y?2
foral z=x+iyin Q. Weshall seethat f(z) being holo-
morphicin € impliesthat every derivative ) (z) isholo-
morphic on £, and, in particular, thereal functionsu(x, y)
and v(x, y) have partial derivatives of any order. Hence,
by the Cauchy-Riemann equations, u(x, y) and v(x, y)
satisfy the Laplace equation and are harmonic functions.
The harmonic functionsu(x, y) and v(x, y) are called the
conjugate pair of the holomorphic function f(z).

The two-dimensional Laplace eguation governs (in-
compressibleand irrotational) fluid flow and el ectrostatics
inthe plane. Thesegiveintuitive physical modelsfor holo-
morphic functions.

=0

C. Power Series and Analytic Functions

Just asin calculus, we can define complex functionsusing
power series. A power series iSan infinite sum of theform

i am(Z - c)m
m=0

where the coefficients a,, and the center ¢ are complex
numbers. This series determines a complex number (de-
pending on z) whenever the the seriesconverges. Complex
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power series work in the same way as power series over
thereals.

In particular, apower serieshasaradius of convergence,
that is, an extended real number p, 0 < p < oo, such that
the series converges absolutely whenever |z — ¢| < p. The
radius of convergence is given explicitly by Hadamard’s
formula:

1
? = iim Sup /x|
n—oo

A function f(z) isanalytic intheregion 2 if for every
point ¢ in , there exists an open disk {z: |z — ¢| < r}
contained in © such that f(z) has a (convergent) power
series or Taylor expansion

FE@ =Y anlz )"
m=0

When this holds, f®)(c)/m! = a,,.

Polynomials are analytic functions on the complex
plane. Other examples of analytic functions on the com-
plex plane are the exponential function,

o0
et = Zz”/n!
m=0

and the two trigenometric functions,

eiz + e*iz eiz _ efiz

cosz = — Y
Theinverse under functional composition of e* isthe (nat-
ural) logarithm 10g z. The easiest way to defineit isto put

z into polar form. Then

sing =

logz = logre'® = logr + i

Since 6 is determined up to an integer multiple of 2,
the logarithmic function is multivalued and one needs to
extend the range to a Riemann surface (see Section V.D)
to make it a function. For most purposes, one takes the
value of 6 so that — <6 <. Thisyields the principal
value of the logarithm.

Ill. CAUCHY INTEGRAL FORMULA

A. Line Integrals and Winding Numbers

Line integrals are integral s taken over a curve rather than
aninterval onaredl line. Lety :[a, b] — C beapiecewise
continuously differentiable curveand let f(z) beacontin-
uous complex function defined on the image of y. Then
the line integral of f(z) aong the path y isthe Riemann
integral

b
/ﬂwmmm
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Thisintegral is denoted by

/ f(2)dz
Y

Line integrals are also called path integrals or contour
integrals. Lineintegralsbehaveinsimilar waystointegrals
over thereal line, except that instead of moving along the
real line, we move on a curve.

The winding number or index n(y, a) of acurve y rel-
ativeto a point a isthe number of time the curve winds or
goesaround the point a. Formally, we definen(y ; z) using
alineintegral:

1 de
=5 | o

This definition is consistent with the intuitive definition.
One can show, for example, that (a) n(y, a) is dways an
integer, (b) the winding number of acircle around its cen-
ter is 1 if the circle goes around in a counterclockwise
direction, and —1 if the circle goes around in a clockwise
direction, (c) the winding number of acirclerelative to a
pointinitsexterioris0, and (d) if aisapointintheinterior
of two curves and those two curves can be continuously
deformed into one another without going through a, then
they have the same winding number relative to a.

B. Cauchy’s Integral Formula

In generd, line integrals depend on the curve. But if the
integrand f (2) isholomorphic, Cauchy’sintegral theorem
impliesthat thelineintegral on asimply connected region
only depends on the endpoints.

Cauchy’sintegral theorem. Let f (z) be holomorphic
onasimply connected region 2 in C. Then for any closed
piecewise continuously differential curve y in 2,

/ f(22dz=0
14

One way to prove Cauchy’s theorem (due to Goursat)
isto observethat if the curveis“very small,” then theline
integral should also be “very small” because holomor-
phic functions cannot change drastically in asmall neigh-
borhood. Hence, we can prove the theorem by carefully
decomposing the curve into a union of smaller curves.
Another way to think of Cauchy’s theorem is that aline
integral over a curve y of a holomorphic function on a
region 2 is zero whenever v can be continuously shrunk
toapointin Q.

Cauchy’sintegral formula. Let f(z) be holomorphic
on asimply connected region 2 in C and let y beasim-
ple piecewise continuously differentiable closed path go-
ing counterclockwise in 2. Then for every point z in Q
inside y,
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mn . M [ _fE)ds
f (Z)_Zﬂi/J;(;—Z)m_H‘

In particular,

Cauchy’sformulafor f (z) followsfrom Cauchy’stheorem
applied to the function (f(¢) — f(2))/(¢ — 2), and the
general case follows similarly.

A somewhat more general formulation of Cauchy’sfor-
mulaisin terms of the winding number. If f(z) isanalytic
on a simply connected nonempty open set Q2 and y isa
closed piecewise continuously differentiable curve, then,
for every point zin €,

() =n(r 25 [ U

27i J, (¢ — 2™+t

Cauchy’sintegral formula expresses the function value
f(2) in terms of the function values around z. Take the
curve y tobeacircle |[z—a| =r of radiusr with center
a, wherer is sufficiently small so that the circleisin Q.
Using the geometric series expansion

11 i <z - a)m
(-2 t-—a‘t=\¢—-a

and interchanging summation and integration (which is
valid as all the series converge uniformly), we obtain

_\(2-am™ f(¢)de
f@=2 "% |

This gives an explicit formula for the power series ex-
pansion of f(z) and shows that a holomorphic function
is analytic. Since an analytic function is clearly differen-
tiable, being analytic and being holomorphic are the same

property.

C. Geometric Properties of Analytic Functions

Analytic functions satisfy many nice geometric and topo-
logical properties. A basic property is the following.

Theopen mapping theorem. Theimage of an open set
under a non-constant analytic function is open.

Analytic functions also have the nice geometric prop-
erty that they preserve angles. Let y; and y, betwo differ-
entiable curves intersecting at a point z in 2. The angle
from y; to y» isthe signed angle of their tangent lines at
z. A function f(2) is said to be conformal at the point z
if it preserves the angles of pairs of curves intersecting at
z. An analytic function f (z) preserves angles at points z
wherethederivative f'(z) #£ 0. If ananalyticfunction f (2)
isconformal at every point in  (equivalently, if f/(z) #0
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for every point z in 2), then it is said to be a conformal
mapping on .

Examples of conformal mappings (on suitable regions)
areMobiustransformations. Let a, b, ¢, and d be complex
numbers such that ad — bc# 0. Then the bilinear trans-
formation

_az+b

T(2) =
@) cz+d

is a Mobius transformation. Any Mobius transformation
can be decomposed into aproduct of four el ementary con-
formal mappings:. tranglations, rotations, homotheties or
dilations, and inversions. In addition to preserving angles,
Mobiustransformations map circlesinto circles, provided
that astraight lineisviewed asa“circle” passing through
the point oo at infinity.

D. Some Theorems about Analytic Functions

If f(2)isafunctiononthedisk with center O and radius p
andr < p, let M¢(r) be the maximum value of | f (z)| on
thecircle{z:|z|=r}.

Cauchy’s inequality. Let f(z) be analytic in the disk
with center 0 and radius p and let f(2)= Y _ganz". If
r <p,then

[an|r™ < M«(r)

A function is entire if it is analytic on the entire com-
plex plane. The following are two theorems about entire
function. The first follows easily from the case n=1 of
Cauchy’sinequality.

Liouville’'stheorem. If f(2) is an entire function and
f () isbounded on C, then f must be a constant function.

The second is much harder. It implies the fact that if
two or more complex numbers are absent from the image
of an entire function, then that entire function must be a
constant.

Picard’slittletheorem. Anentirefunction thatisnot a
polynomial takesevery val ue, with one possibleexception,
infinitely many times.

Applying Liouville’s theorem to the reciprocal of a
nonconstant polynomial p(z) and using the fact that
p(z) — oo as z— oo, one abtains the following impor-
tant theorem.

Thefundamental theorem of algebra. Every polyno-
mial with complex coefficients of degree at least one has
arootinC.

It follows that a polynomia of degree n must have n
rootsin C, counting multiplicities.

The next theorem is afundamental property of analytic
functions.

Complex Analysis

Maximum principle. Let Q be a bounded domain in
C. Suppose that f(z) isanaytic in  and continuous in
the closure of Q. Then, | f (2)| attains its maximum value
| f ()| at aboundary point a of Q. If f(z) isnot constant,
then

@) < (@)l
for every point z in the interior of .

Using the maximum principle, one obtains Schwarz’s
lemma.

Schwarz’s lemma. Let f(z) be analytic on the disk
D ={z:|z| < 1} with center 0 and radius 1. Suppose that
f(0)=0and | f(2)| <1forall pointszin D. Then,

') <1
and for all pointszin D,

(2] < Iz
If |f/(0)]=1or |f(a)]=]al for some nonzero point a,
then f (z) = az for some complex number « with |a| = 1.

Another theorem, which hasinspired many generaliza-
tions in the theory of partial differential equations, isthe
following.

Hadamard’s three-circles theorem. Let f(z) be an
analytic function on the annulus {z: p1 < |z| < p3} and let
p1<Tr1<rz<rz<pz. Then

logrs — logr
logMi(r2) < o
logr, — logry
logrs —logr;
It follows from the three-circlestheorem that log M« (r) is

aconvex function of logr.
Cauchy’sintegral theorem has the following converse.

logM¢(ry)

log M« (ra)

Morera’stheorem. Let f(z) be a continuous function
on a simply connected region €2 in C. Suppose that the
lineintegral

g(2)dz
YA
over the boundary 0 A of every trianglein Q2 iszero. Then
f(2) isanayticin Q.

E. Analytic Continuation

Ananalytic function f(2) isusualy defined initially with
acertain formulain someregion D of the complex plane.
Sometimes, one can extend thefunction f (z) to afunction
f(z) that is analytic on a bigger region D, containing
D, such that f(z) = f(z) for al points z on D1. Such an
extension is called analytic continuation. Expanding the
function as a Taylor (or Laurent series) is one possible
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way to extend a function locally from a neighborhood of
apoint. Contour integration is another way.

Analytic continuation resultsin aunique extended func-
tionwhenitispossible. It also preservesidentitiesbetween
functions.

The unigueness theorem for analytic continuation.
Let f(2) and g(2) be analytic in aregion 2. If the set of
points z in Q where f(2) =g(2) has a limit point in 2,
then f(2) =g(2) for al zin Q. In particular, if the set of
zeros of f(2) in © has alimit point in €2, then f(2) is
identically zeroin Q.

Permanence of functional relationships. If a finite
number of analyticfunctionsinaregion 2 satisfy acertain
functional equation in a part of Q that has a limit point,
then that functional equation holds everywherein Q.

For example, the Pythagorean identity
sin?x +cos?x =1
holdsfor all real numbersx. Thus, it holdsfor all complex
numbers.

Deriving a functional equation is often the key step in
analytic continuation. A famous example is the Riemann
functional eguation relating the gamma function and the
Riemann zeta function.

A quick and direct way (when it works) isthefollowing
method.

Schwar z’s reflection principle. Let 2 beadomainin
the upper half-plane that contains a line segment L on
the real axis. Let f(z) be a function analytic on  and
continuous on L. Then the function extended by defining
f(2)= f(2) for zin the “reflection” Q ={z|ze Q} isan
analytic continuation of f(z) from € to to the bigger do-
main QU Q.

We note that not all analytic functions have proper an-
aytic continuations. For example, when 0 < |a| < 1, the
Fredholm series

oo
> e
m=1

converges absolutely on the closed unit disk {z: |z| < 1}
and defines an analytic function f(z) on the open disk
{z:|z| < 1}. However, it can be shown that f(z) has no
anal ytic continuation outsidethe unit disk. Roughly speak-
ing, the Fredholm functions are not extendabl e because of
“gaps” in the powers of z. The sharpest “gap” theorem is
the following.

The Fabry gap the